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To understand black holes in loop quantum gravity, in this paper we systematically study a
recently-proposed model for spherically symmetric loop quantum black/white holes that generically
possesses five free parameters. However, we find that only three independent combinations of
them are physical and uniquely determine the local and global properties of the spacetimes. After
exploring the whole 3-dimensional (3D) parameter space, we show that the model has very rich
physics, and depending on the choice of these parameters, various possibilities exist, including: (i)
spacetimes that have the standard black/white hole structures, that is, spacetimes that are free of
spacetime curvature singularities and possess two asymptotically flat regions, which are connected
by a transition surface (throat) with a finite and non-zero geometric radius. The black/white
hole masses measured by observers in the two asymptotically flat regions are all positive, and
the surface gravity of the black (white) hole is positive (negative). In this case, there also exist
possibilities in which the two horizons coincide, and the corresponding surface gravity vanishes
identically. (ii) Spacetimes that have wormhole-like structures, in which the two masses measured
in the two asymptotically flat regions are all positive, but no horizons exist, neither a trapped (black
hole) horizon nor an anti-trapped (white hole) horizon. (iii) Spacetimes that still possess curvature
singularities, which can be either hidden inside trapped regions or naked. However, such spacetimes
correspond to only some limit cases. In particular, the necessary (but not sufficient) condition is that
at least one of the two “polymerization” parameters vanishes. These results are not in conflict to the
Hawking-Penrose singularity theorems, as the effective energy-momentum tensor, purely geometric
and resulted from the “polymerization” quantization, satisfies none of the three (weak, strong or
dominant) energy conditions in any of the two asymptotically flat regions for any choice of the three
independent free parameters, although they can hold at the throat and/or at the two horizons for
some particular choices of them. In addition, it is true that quantum gravitational effects are mainly
concentrated in the region near the throat, however, in this model even for solar mass black/white
holes, such effects can be still very large at the black/white hole horizons, again depending on
the choice of the parameters. Moreover, in principle the ratio of the two masses (for both of the
black/white hole and wormhole spacetimes) can be arbitrarily large.
I. INTRODUCTION
There are few beacons on the road to the quantum
theory of gravity. Among them singularities in classi-
cal general relativity (GR) are always the key one that
any quantum theory of gravity needs to address prop-
erly. It is generally believed that spacetime singularities
can be resolved once quantum gravity effects are taken
into considerations. One of most successful and heuris-
tic examples is the resolution of the big bang singularity
in cosmology with the use of an effective tool developed
by loop quantum cosmology (LQC) in the past few years
(see e.g. [1, 2]).
Inspired by the remarkable achievements made in
LQC, attempts to extend the approaches developed in
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LQC to black hole singularities, the ones inside black
hole interiors, have recently attracted considerable at-
tention in the loop quantum gravity (LQG) community,
see, for example, [3–35] and references therein (See also
[36–38] for a somehow different approach). Among these
studies, most attentions were paid to the Schwarzschild
black hole. This is on one hand because it is the simplest
black hole in GR, and on the other hand it is because
the interior of the Schwarzschild black hole is isometric
to the Kantowski-Sachs cosmological model. Actually, it
is this similarity that stimulates ones to borrow similar
techniques from LQC to deal with singularities in the
Schwarzschild black hole. In fact, the Kantowski-Sachs
spacetime can be written in the form,
ds2 = −N2τ dτ2 +
p2b
|pc|L20
dx2 + |pc| d2Ω, (1.1)
where d2Ω ≡ d2θ+ sin2 θd2φ, and L0 is the length of the
fiducial cell with x ∈ (0, L0). The quantities b, c, pb and
pc represent the dynamical variables with the commuta-
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2TABLE I. Three broad classes of the choices of the quantum parameters δb, δc. α and β are constants with the values α = 1 or
β = 1 or αβ = 1. r0 is the Schwarzschild radius, L0 is the fiducial length to be specified. γ is the Barbero-Immirzi parameter,
∆pl = 4
√
3piγl2pl is LQG area gap. m = GM , where M is the (classical) Schwarzschild black hole mass. pb and pc are the
conjugate momenta of the canonical variables b and c, respectively.
µ0 scheme generalised µ0 scheme µ¯ scheme
δb, δc = Const. δb = α
√
∆pl
r0
, δc = β
√
∆pl
L0
δb = (
√
∆pl√
2piγ2m
)1/3, δc =
1
2
(
γ∆2pl
4pi2m
)1/3 δb =
√
∆pl
pb
, δc =
√
∆pl
pc
δb =
√
∆pl
pc
, δc =
√
pc∆pl
pb
[3–5, 9, 25, 26] [14, 17] [21, 22, 32] [7, 10] [6, 7, 10, 11, 13, 15, 16]
tion relations,
{c, pc} = 2Gγ, {b, pb} = Gγ, (1.2)
where G denotes the Newtonian constant, and γ the
Barbero-Immirzi parameter, arising in the passage from
classical to quantum theory. Its value is generally fixed
to be γ ' 0.2375 using black hole entropy considerations
[39]. Choosing (classically) the lapse function Nτ as
N clτ =
γ sgn (pc) |pc|1/2
b
, (1.3)
the corresponding Hamiltonian is given by
Hcl = − 1
2Gγ
[
2cpc +
(
b+
γ2
b
)
pb
]
. (1.4)
A key procedure in the quantization is the so-called
“polymerization” [40], which is characterized by two
quantum parameters δb and δc for spherical spacetimes
[41]. It is related to the fact that in LQG, there is
minimal area gap ∆pl, which is non-zero and given by
∆pl ≡ 4
√
3piγ`2Pl, where `Pl denotes the Planck length.
The basic idea is that the effective quantum theory can
be achieved by replacing the canonical variables (b, c) in
the phase space with their regularized ones,
b→ sin(δbb)
δb
, c→ sin(δcc)
δc
, (1.5)
where δb and δc are the so-called “polymerization scales”,
which control the onset of quantum effects. With the
above replacement, the effective Hamiltonian is given by
[22],
Heff = − 1
2Gγ
[
2
sin(δcc)
δc
|pc|
+
(
sin(δbb)
δb
+
γ2δb
sin(δbb)
)
pb
]
. (1.6)
Clearly, as δb and δc approach 0, the classical limit is
recovered. When quantum effects are supposed to be-
come relevant, the above replacement effectively cures
the classical divergence, suggesting that the polymeriza-
tion scales are at the Planck one.
However, due to the lack of the full theory of quantum
gravity, a complete route map on the choice of δb and δc
is still absent. In the literatures there are many different
choices. Generally speaking they can be divided into the
following three broad classes:
• µ0-scheme: In this approach, the two quantum
parameters δb and δc are simply taken as con-
stants. This is the case studied, for example, in
[3–5, 9, 25, 26].
• Generalised µ0-scheme: In this approach, the quan-
tum parameters δb and δc are considered as the
Dirac observables, i.e., they are phase space vari-
ables, but are constants along the effective trajec-
tories of the system [14, 17, 21, 22, 32].
• µ¯-scheme: In this approach, the two quantum pa-
rameters δb and δc are the phase space functions,
and their functional dependence on the canonical
variables depends on the specific ways to carry out
the quantization, which have been explored in de-
tail in [6, 7, 10, 11, 13, 15, 16, 24].
In Table. I, we summarize such studies in more details.
In some of these schemes, the fiducial structure may ap-
pear in the final results [3–5], while in other approaches,
the quantum effects could be large even in semi-classical
region [6, 10, 14, 16, 17]. See [32, 41–44] for the debates
over these issues.
In addition, in classical Hamiltonian mechanics, a
3canonical transformation
(qi, pi)→ (Qi, Pi), (1.7)
is always allowed, and does not change the physics of
the system, where Qi = Qi(qk, pk; t), Pi = Pi(qk, pk; t),
qi = (b, c), and pi = (pb, pc) [45]. However, the poly-
merization (1.5) depends on the choice of the canonical
variables, and different canonical variables in general lead
to different effective theories of quantum gravity. It was
exactly along this vein, Bodendorfer, Mele and Mu¨nch
considered the following transformation [47, 48],
v1 ≡ 1
24
|pc|3/2 , v2 ≡ −1
8
p2b , (1.8)
for which the corresponding conjugate momenta are de-
noted by P1 and P2, respectively. Then, instead of
Eq.(1.5), now the polymerizations are carried out via the
replacements [47],
P1 → sin(λ1P1)
λ1
, P2 → sin(λ2P2)
λ2
, (1.9)
where λ1 and λ2 play the same role as δb and δc. Due
to the choice of new variables, it was found [47, 48] that
in this model the quantum effects become manifested in
high curvature regions and are negligible in the low cur-
vature regions. Moreover, the spacetime becomes asymp-
totically flatness as fast as that in the Schwarzschild
spacetime. In this approach, the polymerization scales
λ1, λ2 are taken as constants, but as pointed out in [48],
this choice of polymerization scales does not correspond
to µ0-scheme in terms of the variables (b, c), instead,
when translated back to (b, c), they correspond to a spe-
cific µ¯-scheme.
It must be noted that, although the canonical trans-
formation (1.7) is always allowed classically, the corre-
sponding loop quantization has not been carried out yet
in terms of the new canonical variables (vi, Pi). As a
result, it is not clear whether such resultant loop quan-
tum gravity can be described by the simple replacement
of Eq.(1.9) for P1 and P2 in the corresponding classical
Hamiltonian, even only to the leading order of quantum
corrections. Additional subtles related to this issue can
be found from [3, 46].
With the above caveat in mind, in this paper, we shall
systematically study the local and global properties of
the model proposed in [47]. In particular, we find that,
out of the five parameters appearing in the model, only
three independent combinations of them are physically
relevant, and uniquely determine the properties of the
spacetimes. In this 3D phase space, there exist regions,
in which the solutions can represent two asymptotically
flat regions connected by a throat with a finite and non-
zero geometric radius, and the masses read off in these
two asymptotically flat regions are all positive. In such
case, a black/white horizon exists or not also depending
on the choice of the three free parameters. When they
do exist, the surface gravity at the black (white) hole
horizon can be positive (negative). When they do not
exist, the spacetimes have wormhole structures. In all
these solutions, spacetime curvature singularities are ab-
sent, which does not contradict to the Hawking-Penrose
singularity theorems [49], as now the effective energy-
momentum tensor does not satisfy any of the three en-
ergy conditions in the two asymptotically flat regions,
despite the fact that the masses measured by observers
in these two asymptotical regions are all positive. This
is mainly due to the fact that the relativistic Komar en-
ergy density [50] is still positive in a large region of the
spacetime. The violation of the three energy conditions
in the asymptotically flat regions is a generic feature of
the model, independent of the choice of the parameters
of the solutions. Spacetime curvature singularities can
occur, but the necessary (not sufficient) condition is at
least one of the two “polymerization” parameters van-
ishes. In addition, although it is true that quantum grav-
itational effects are mainly concentrated in the region
near the throat, in this model such effects can be still
very large at the black/white hole horizons even for solar
mass black/white holes, again depending on the choice
of the free parameters. Moreover, in principle the ratio
of the two masses (for both of the black/white hole and
wormhole spacetimes) can be arbitrarily large.
It should be noted that, despite the fact that in this
paper we consider only a particular model, we believe
the main conclusions should hold for more general cases.
In particular, the Schwarzschild solution is the unique
vacuum solution of GR with a single parameter - the
black hole mass, according to the Birkhoff theorem [51].
However, due to the “polymerization” process, two more
free parameters, δb and δc (or in the present case, λ1
and λ2), are introduced. So, the resulted spacetimes
should be characterized physically by only three free pa-
rameters, although the two “polymerization” parame-
ters may be completely fixed, when the quantization is
carried out explicitly, such as in the case considered in
[21, 22]. Clearly, in order for this to be consistent with
the Birkhoff theorem, effective matter must be present,
purely due to the quantum geometric effects. In addition,
to be in harmony with the Hawking-Penrose singular-
ity theorems [49], the effective energy-momentum tensor
necessarily violates the weak/strong energy conditions.
The rest of the paper is organized as follows: In Sec-
tion II, we first review the model built in [47] and then
write the corresponding solutions in terms of only three
independent combinations of the original five parame-
ters, which are denoted by D, C, x0, defined explicitly
in Eq.(2.6). Then, we study the model in detail over the
whole parameter space in Sections III - V, respectively,
for ∆ > 0, ∆ = 0, and ∆ < 0, as in each case the space-
times have quite different properties, where ∆ is defined
by Eq.(2.10). The main results in each of these sections
are summarized, respectively, in Tables II - IV. The pa-
per is ended up in Section VI, in which we summarize
our main conclusions. An appendix is also included, in
which the general expressions of the energy density and
4pressures of the effective energy-momentum tensor are
given explicitly.
Before proceeding further, we would like to point out
that some solutions of the current model were lately stud-
ied in [52], including their perturbations and the associ-
ated quasinormal modes of massless scalar field pertur-
bations, electromagnetic perturbations, and axial gravi-
tational perturbations. In particular, the authors found
that the corresponding quasinormal frequencies of per-
turbations with different spins share the same qualita-
tive tendency with respect to the change of the quantum
parameters involved in this model. For more details, we
refer readers to [52].
II. SPHERICALLY SYMMETRIC LOOP
QUANTUM BLACK HOLES
Studying spherically symmetric spacetimes inside
black holes in effective loop quantum gravity, Boden-
dorfer, Mele and Mu¨nch recently obtained the following
spherically symmetric black hole solutions [47],
ds¯2 = − a¯(x)
L20
dt¯2 +
L20
a¯(x)
dx2 + b¯2(x)dΩ2, (2.1)
where L0 =
√
n, x ∈ (−∞,∞), and
a¯(x) = n
(
λ2√
n
)4(
1 +
nx2
λ22
)1− 3CD
2λ2
√
1 + nx
2
λ22

×
 λ62
16C2λ21n
3
(√
nx
λ2
+
√
1 +
nx2
λ22
)6
+ 1
−2/3
×
(
1
3C2Dλ21
)2/3(√
nx
λ2
+
√
1 +
nx2
λ22
)2
,
b¯(x) =
√
n
(
3C2Dλ21
)1/3
λ2
×
[
λ62
16C2λ21n
3
(√
nx
λ2
+
√
1 + nx
2
λ22
)6
+ 1
]1/3
√
nx
λ2
+
√
1 + nx
2
λ22
, (2.2)
where λ1, λ2, n, C and D are real constants with n > 0.
As shown in [47], there are two independent Dirac ob-
servables, FQ and F¯Q, which are constants along the tra-
jectories of the effective dynamics, and their on-shell val-
ues are given by,
FQ =
(
3D
2
)4/3(
C√
n
)
,
F¯Q =
3CD
√
n
λ22
(
3DC2λ21
)1/3
. (2.3)
It can be shown that both of them are invariant under
a fiducial cell rescaling. As a result, the integration con-
stants C and D are independent. In fact, at the limits,
x→ ±∞, we have
a¯(x) ∝
{
1− FQ
b¯
, x→∞,
1− F¯Q
b¯
, x→ −∞. (2.4)
Thus, they are essentially related to the black and white
hole masses,
M¯BH =
1
2
FQ =
(
3D
2
)4/3(
C
2
√
n
)
,
M¯WH =
1
2
F¯Q =
3CD
√
n
2λ22
(
3DC2λ21
)1/3
. (2.5)
Introducing the quantities,
D ≡ 3CD
2
√
n
, C ≡ (16C2λ21)1/6 , x0 ≡ λ2√n, (2.6)
we find that the metric (2.1) takes the form,
ds¯2 =
(
3D
16
)2/3
ds2
≡
(
3D
16
)2/3(
−a(x)dt2 + dx
2
a(x)
+ b2(x)dΩ2
)
, (2.7)
with t ≡ (√n/L0) (16/3D)2/3 t¯, and
a(x) =
(
x2 −∆)XY 2
(X +D)Z2 , b(x) =
Z
Y
, (2.8)
where
X ≡
√
x2 + x20, Y ≡ x+X,
Z ≡ (Y 6 + C6)1/3 , (2.9)
and
∆ ≡ D2 − x20 =
9C2D2 − 4λ22
4n
. (2.10)
Since ds2 is related to ds¯2 only by a conformal constant
factor (3D/16)
2/3 1, without loss of generality, we shall
consider only the spacetimes described by ds2. Then, we
can see that only three independent combinations of the
five parameters λ1, λ2, n, C and D appear in the metric
coefficients, as defined by Eq.(2.6).
It is remarkable to note that in GR, due to the Birkhoff
theorem [51], the black hole mass is the only free parame-
ter. However, in LQG, due to the polymerizations (1.9),
two new parameters λ1 and λ2 are introduced, so now
the solutions generically depend on three free parame-
ters. When setting λ1 = λ2 = 0 (or C = x0 = 0), the
above solutions reduce precisely to the Schwarzschild so-
lution with D as the black hole mass.
One of our goals in this paper is to understand their
physical and geometrical meanings. To this goal, let us
first note the following:
1 Under this rescaling, the Ricci and Kretschmann scalars are scal-
ing, respectively, as R = (3D/16)2/3 R¯ and K = (3D/16)4/3 K¯.
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FIG. 1. The geometric radius b(x) vs x. (a) Upper panel:
Cx0 6= 0. When plotting this curve, we had set x0 = 1, C = 1.
(b) Middle panel: C 6= 0, x0 = 0. When plotting this curve,
we had set C = 2. (c) Bottom panel: C = 0, x0 6= 0. When
plotting this curve, we had set x0 = 1.
• Since x ∈ (−∞,∞), from Eq.(2.9) we find that
X ≥ x0, Y > 0, Z > C2. (2.11)
• In [47, 48] it was assumed that
D > 0, ∆ > 0, (2.12)
so that two metric horizons always exist at x±H ≡
±√∆, and the asymptotic limits of Eq.(2.4) are
always true (See also [52]).
• The solutions were initially derived only in the re-
gion −x−H < x < x+H , in which the spacetime is ho-
mogeneous, and the Killing vector ξ ≡ ∂t is space-
like. The horizon at x = x+H is referred to as the
black hole horizon, while the one at x = x−H is re-
ferred to as the white hole horizon, although in be-
tween them, no spacetime singularities exist at all
[21, 22]. However, following the standard process
of extensions, one can easily extend the solutions
beyond these horizons to the regions |x| > √∆.
In the extended regions x < x−H and x > x
+
H , the
metrics will take the same form as that given by
Eqs.(2.7)-(2.9), but now the Killing vector ∂t be-
comes timelike.
In this paper, we shall not impose the conditions
(2.12), except that we still assume that C and D are
real. In particular, since C, D, n, λ1 and λ2 are ar-
bitrary constants, in principle, they can take any real
values. However, since ds2 = (3D/16)
2/3
ds¯2, we shall
assume that D = 0 holds only in the limiting sense. In
addition, the two constants λ1 and λ2 originate from the
polymerization (1.9), so we also assume that λ1λ2 6= 0,
and consider the case λ1λ2 = 0 only as some limit cases,
as to be explained explicitly below. Recall that we also
assumed n > 0 in order to have the metric be real.
Then, the geometric radius b(x) and the ranges of x
all depend on the choices of the two parameters x0 and C,
which are shown explicitly in Fig. 1. In particular, when
Cx0 6= 0, we find that x ∈ (−∞,∞), and a minimal point
(the throat) of b(x) always exists, with b(±∞) = ∞, as
shown by the upper panel of Fig. 1. When C 6= 0, x0 = 0,
the range of x is restricted to x ∈ (0,∞) with b(0) = ∞
and b(∞) =∞. In this case, a minimum (throat) of b(x)
also exists, as shown explicitly in the middle panel of Fig.
1]. When C = 0, x0 6= 0, the range of x is x ∈ (−∞,∞),
but now b(x) is a monotonically increasing function of x
with b(−∞) = 0 and b(∞) = ∞, and a throat does not
exists [cf. the bottom panel of Fig. 1].
In this paper, we shall study the main properties of
these spherical loop quantum black hole solutions. In
particular, we shall pay particular attention to the lo-
cations of the throat and horizons, and the asymptotic
behaviors of the spacetimes.
To these purposes, let us first notice that the effective
energy-momentum tensor Tµν , defined as Tµν ≡ κ−1Gµν ,
can be cast in the form,
Tµν = ρuµuν + prvµvν + pθ (θµθν + φµφν) , (2.13)
where
u+µ = −a1/2(x)δtµ, v+µ = a−1/2(x)δxµ,
θµ = b
1/2(x)δθµ, φµ = b
1/2(x) sin θδφµ, (a > 0), (2.14)
6and
κρ+ = − 1
b2
[
b(x) (2ab′′ + a′b′) + ab′2 − 1
]
,
κp+r =
1
b2
[
ba′b′ + ab′2 − 1
]
,
κpθ =
1
2b
[
ba′′ + 2ab′′ + 2a′b′
]
, (a > 0), (2.15)
with κ ≡ 8piG/c4, a′ ≡ da(x)/dx, and so on.
It should be noted that in writing down Eqs.(2.14)
and (2.15) we had assumed that a(x) > 0, as already
indicated in these equations, so the coordinate t is time-
like. However, if a (black/white) horizon exists, across
this horizon a(x) becomes negative, and the two coordi-
nates t and x exchange their roles. Then, in the region
a(x) < 0, the effective energy-momentum tensor can be
still cast in the form (2.13), but now with
u−µ = |a|−1/2δxµ, v−µ = −|a|1/2δtµ,
κρ− = − 1
b2
[
ba′b′ + ab′2 − 1
]
, (a < 0),
κp−r =
1
b2
[
b(x) (2ab′′ + a′b′) + ab′2 − 1
]
, (2.16)
while θµ, φµ and pθ are still given by Eqs.(2.14) and
(2.15).
It should be also noted that, although the effective
energy-momentum tensor in both of the regions a > 0
and a < 0 is written in the same form given by Eq.(2.13),
the physical interpretations of the quantities ρ± and p±r
are different. In particular, the energy density ρ+ in the
region a > 0 is measured by the observers who are moving
along dt-direction, while their x, θ and φ coordinates are
fixed. The quantity p+r is the principal pressure along
the dx-direction measured by these observers. On the
other hand, the energy density ρ− in the region a < 0
is measured by the observers who are moving along dx-
direction, while their t, θ and φ coordinates are fixed. In
addition, the quantity p−r now is the principal pressure
along the dt-direction. Thus, in general such defined ρ±
and p±r are not continuous across the horizons. One way
to avoid such discontinuities is to adopt the Eddington-
Finkelstein coordinates, and then define a new set of ob-
servers, with respect to whom the energy density and
principal pressure along the radial direction are continu-
ous across these horizons. However, since in this paper
we are mainly concerned with the energy conditions of
“the effective quantum matter,” the current considera-
tions are sufficient.
In addition, although this effective energy-momentum
tensor is purely due to the quantum geometric effects,
and is not related to any real matter fields, it does pro-
vide important information on how the spacetime sin-
gularity is avoided, and the deviation of the spacetimes
from the classical one, as in GR the geometry is uniquely
determined by the Schwarzschild spacetime, in which the
spacetime is vacuum, and a spacetime curvature singu-
larity is always present at the center of the black hole. In
fact, this kind of singularities inevitably occurs in GR,
as longer as the corresponding matter fields satisfy some
energy conditions, as follows directly from the Hawking-
Penrose singularity theorems [49].
The commonly used three energy conditions are the
weak, dominant and strong energy conditions [49]. For
Tµν given by Eq.(2.13), they can be expressed as follows:
The weak energy condition (WEC) is satisfied, when
(i) ρ ≥ 0, (ii) ρ+ pr ≥ 0, (iii) ρ+ pθ ≥ 0, (2.17)
while the dominant energy condition (DEC) is satisfied,
provided that
(i) ρ ≥ 0, (ii) − ρ ≤ pr ≤ ρ, (iii) − ρ ≤ pθ ≤ ρ.
(2.18)
The strong energy condition (SEC) requires,
(i) ρ+ pr ≥ 0, (ii) ρ+ pθ ≥ 0, (iii) ρ+ pr + 2pθ ≥ 0.
(2.19)
Moreover, without causing any confusions, in the rest
of this paper we shall absorb κ into ρ, pr and pθ, i.e.,
κ (ρ, pr, pθ)→ (ρ, pr, pθ) . (2.20)
To study these solutions in more details, let us consider
the cases ∆ > 0, ∆ = 0 and ∆ < 0, separately, in the
following three sections.
III. SPACETIMES WITH ∆ > 0
From Eq.(2.10) we find that this case corresponds to
|λ2| < 3
2
|CD| . (3.1)
However, depending on the choice of the integration con-
stants C and D, there are still the possibilities, D > 0,
and D < 0, provided that ∆ = D2 − x20 > 0. In each of
these cases, the physics of the corresponding solutions is
quite different, so in the following let us consider them
case by case.
A. D > 0
In this case, we have CD > 0, and ∆ = D2 − x20 > 0
implies,
β ≡ D|x0| > 1. (3.2)
Then, we find that there are two asymptotically flat re-
gions, corresponding to x→ ±∞, respectively. They are
connected by a throat located at
bm ≡ 21/3C, xm = 1
2C
(C2 − x20) , (3.3)
where bm ≡ b(x = xm) and b′(x = xm) = 0 [cf. Fig.
1(a)]. It is interesting to note that xm can be positive,
7zero or negative, depending on the choice of the two pa-
rameters C and x0 (or λ1, λ2, n and C).
On the other hand, in the current case the white and
black hole horizons always exist, and are located, respec-
tively, at
x±H = ±
√
D2 − x20. (3.4)
Clearly, there exist the possibilities in which |xm| ≤ x+H ,
or |xm| > x+H . When |xm| ≤ x+H , the throat is located
in the region between the black and white hole horizons,
in which we have a(x) ≤ 0, so the corresponding en-
ergy density and radial principal pressure in the region
containing the throat are given by ρ− and p−r . When
|xm| > x+H , the throat is located in the region where
a(x) > 0, so the corresponding energy density and radial
principal pressure at the throat are given by ρ+ and p+r ,
respectively.
1. x−H ≤ xm ≤ x+H
In this case, we find that |xm| ≤ x+H implies
(i) α = 1, or (3.5)
(ii) β ≥ 1 + (α− 1)
2
2α
, (3.6)
where α ≡ C/|x0| > 0. Since now the throat is located
inside the black hole horizon, in which we have a(x) < 0,
we need to use Eq.(2.16) to calculate the effective energy
density ρ and pressure pr at the throat, and find that
ρ =
1
22/3C2 ,
pr = −C(12D − 5C)− 5x
2
0
22/3C2 (x20 + C2)
,
pθ =
(
x20 + C2
)3 − 4Dx20C3
22/3C2(x20 + C2)3
. (3.7)
Then, we find that at the throat WEC is satisfied for
(a) β ≤ 1 + (α− 1)
2
2α
, or (3.8)
(b) β ≤ 1
2
α. (3.9)
Combining Eqs.(3.5)-(3.6) with Eqs.(3.8)-(3.9) and con-
sidering Eq.(3.2), we find that their common solutions
are
β = 1 +
(α− 1)2
2α
, α 6= 1, (3.10)
which leads to xm = x
+
H .
On the other hand, SEC is also satisfied in the domain
given by Eq.(3.10), while DEC requires
(a) 0 < α < 2β, β ≤ α
2 + 1
2α
≤ 3
2
β, or (3.11)
(b) 2β ≤ α < 3β, β ≥ 1 + α
2
3α
. (3.12)
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FIG. 2. Case ∆ > 0, D > 0, |xm| < x+H , β = 1+ (α−1)
2
2α
, α 6=
1: The physical quantities, ρ, (ρ + pr), (ρ − pr), (ρ + pθ),
(ρ−pθ), and (ρ+pr+2pθ), represented, respectively, by Curves
1 - 6, vs x: When plotting these curves, we had set α = 2,
β = 5/4, x0 = 1, so that the condition (3.10) is satisfied,
for which we have xm = x
+
H = −x−H = 0.75. Panel (a): the
physical quantities in the region between the white and black
horizons, x−H ≤ x ≤ x+H . Panel (b): the physical quantities in
the region outside the black horizon, x ≥ x+H = 0.75. Panel
(c): the physical quantities in the region outside the white
horizon, x ≤ x−H = −0.75.
Combining Eqs.(3.5)-(3.6) with Eqs.(3.11)-(3.12), we find
that their common solution is also given by Eq.(3.10).
Therefore, at the throat none of the three energy con-
ditions is satisfied, except for the case in which the throat
coincides with the black hole horizon, xm = x
+
H , which
is a direct result of the condition Eq.(3.10). In Fig. 2,
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FIG. 3. Case ∆ > 0, D > 0, |xm| < x+H , β 6= 1 + (α−1)
2
2α
:
The physical quantities, ρ, (ρ+pr), (ρ−pr), (ρ+pθ), (ρ−pθ),
and (ρ+ pr + 2pθ), represented, respectively, by Curves 1 - 6,
vs x: When plotting these curves, we had set α = 1, β = 2,
x0 = 1, x
±
H = ±
√
3, xm = 0. None of the three energy
conditions is satisfied at the throat, although all of them are
satisfied at the two horizons x = x±H . Panel (a): the physical
quantities in the region between the white and black horizons,
x−H ≤ x ≤ x+H . Panel (b): the physical quantities in the region
outside the black horizon, x ≥ x+H =
√
3. Panel (c): the
physical quantities in the region outside the white horizon,
x ≤ x−H = −
√
3.
we show this case, from which one can see that the three
energy conditions are satisfied indeed only at the throat.
In Fig. 3, we show the case that does not satisfy the
condition Eq.(3.10), from which one can see that none
of the three energy conditions is satisfied at the throat
(xm = 0).
In addition, if we consider the limit to the black hole
horizon from outside of it, then we have ρ = ρ+ and
pr = p
+
r , and the energy density and pressures are given,
respectively, by
ρ = −pr = − Y
3
XZ8
[(
32D5C6 + 10Dx100 − 160D3x80
+672D5x60 − 1024D7x40 + 2Dx40C6 + 512D9x20
−24D3x20C6
)√
∆ + 32D6C6 − x120 + 50D2x100
−400D4x80 + 1120D6x60 − 1280D8x40 + 10D2x40C6
+512D10x20 − 40D4x20C6 + C12
]
, (3.13)
pθ =
Y 2
2X2Z8
[(
128D7C6 + 2DC12 + 10Dx120
−160D3x100 + 672D5x80 − 1024D7x60 − 12Dx60C6
+512D9x40 + 88D3x40C6 − 192D5x20C6
)√
∆
+128D8C6 + 2D2C12 − x140 + 50D2x120
−400D4x100 + 1120D6x80 + 2x80C6 − 1280D8x60
−40D2x60C6 + 512D10x40 + 168D4x40C6
−256D6x20C6 − x20C12
]
. (3.14)
It can be shown that each of the three energy conditions
is satisfied provided that β > 1, which is precisely the
condition ∆ > 0, as shown in Eq.(3.2). In addition, the
surface gravity of the black hole is given by,
κBH ≡ 1
2
a′(x =
√
∆) =
Y 2 |x0|7
2Z5
×
[√
β2 − 1
(
32β6 − 48β4 + 18β2 − 1 + α6
)
+2β
(
16β6 − 32β4 + 19β2 − 3) ], (3.15)
which is also always positive for β > 1.
At the white hole horizon (x = −√∆), taking the limit from the outside of it, so that ρ = ρ+ and pr = p+r , we
find that
9(a) (b)
(c) (d)
FIG. 4. The physical quantity (ρ+ pr) vs the radial coordinate x and the parameter C: (a) outside the black hole horizon; (b)
inside the black hole horizon; (c) outside the white hole horizon; and (d) inside the white hole horizon. Graphs are plotted
with x0 = 1, D = 10, for which the horizons are at x±H ≈ ±10.
ρ = −pr = − YDZ8
([
128D7C6 + 2DC12 − 12Dx120 + 280D3x100 − 1792D5x80
+4608D7x60 − 2Dx60C6 − 5120D9x40 + 48D3x40C6 + 2048D11x20 − 160D5x20C6
]√
∆− 128D8C6
−2D2C12 − x140 + 72D2x120 − 840D4x100 + 3584D6x80 − 6912D8x60 + 14D2x60C6 + 6144D10x40
−112D4x40C6 − 2048D12x20 + 224D6x20C6 + x20C12
)
,
pθ =
Y 2
2D2Z8
([
128D7C6 + 2DC12 + 10Dx120 − 160D3x100 + 672D5x80 − 1024D7x60 − 12Dx60C6
+512D9x40 + 88D3x40C6 − 192D5x20C6
]√
∆− 128D8C6 − 2D2C12 + x140 − 50D2x120 + 400D4x100
−1120D6x80 − 2x80C6 + 1280D8x60 + 40D2x60C6 − 512D10x40 − 168D4x40C6 + 256D6x20C6 + x20C12
)
. (3.16)
It can be shown that for β > 1, all the three energy conditions are satisfied at the white hole horizon. Moreover,
10
at this white hole horizon, the surface gravity is given by,
κWH ≡ 1
2
a′(x = −
√
∆)
= − Y
2
2Z5
×
[(
32D6 − x60 + 18D2x40 − 48D4x20 + C6
)√
∆− 32D7 + 6Dx60 − 38D3x40 + 64D5x20
]
, (3.17)
which is always negative when the condition (3.2) holds.
In Figs. 2 and 3, we also show the physical quanti-
ties near the two horizons, and find that all the three
energy conditions are indeed satisfied at these horizons,
no matter whether Eq.(3.10) is satisfied or not. From
these figures we can see that ρ+pr is the key quantity to
determine the energy conditions. In particular, it is zero
only at the two horizons and negative at other locations.
Thus, the energy conditions are normally satisfied only
at horizons. To show this more clearly, we plot ρ + pr
vs x and the parameter C in Fig. 4, from which we can
see that even with different choices of the free parameter,
ρ+ pr is non-negative only on the two horizons.
In addition, as x→ ±∞, we find that
ρ(x) =
{Dx20
8x5 +O
(
6
)
, x→∞,
− Dx608x5C4 +O
(
6
)
, x→ −∞,
pr(x) =
{
− x204x4 + Dx
2
0
8x5 +O
(
6
)
, x→∞,
− x604x4C4 − Dx
6
0
8x5C4 +O
(
6
)
, x→ −∞,
pθ(x) =
{
x20
4x4 − Dx
2
0
4x5 , x→∞,
x60
4x4C4 +
Dx60
4x5C4 +O
(
6
)
, x→ −∞,
(3.18)
where  ≡ 1/|x|. Thus, in these two asymptotically flat
regions, none of these three energy conditions holds. On
the other hand, at these limits, we also have,
a(x) =

1
4
(
1− 2Db
)
+O (2) , x→∞,
x40
4C4
(
1− (2DC
2/x20)
b
)
+O (2) , x→ −∞,
b(x) '
{
2x, x→∞,
−2 (C2/x20)x, x→ −∞, (3.19)
from which we find that the masses of the black and white
holes are given, respectively, by
MBH = D, MWH = DC
2
x20
. (3.20)
To study the quantum gravitational effects further, let
us turn to consider the Ricci scalar R and the relative
difference ∆K of the Kretschmann scalar, defined by
∆K ≡ K −K
GR
KGR , (3.21)
-1.5×106 -1.0×106 -500000 500000 1.0×106 1.5×106x
5.×10-14
1.×10-13
1.5×10-13
2.×10-13
R
(a)
200000 400000 600000 800000 1×106x
-0.6
-0.4
-0.2
0.2
0.4
ΔK
(b)
-1×106 -800000 -600000 -400000 -200000 x
-0.8
-0.6
-0.4
-0.2
ΔK
(c)
FIG. 5. Case ∆ > 0, D > 0, |xm| ≤ x+H , β = 1+ (α−1)
2
2α
, α 6=
1: The quantities R and ∆K vs x. Here we choose C =
2 × 106, x0 = 106, D = 54 × 106, for which the horizons are
located at x±H = ±0.75× 106, and the throat is at xm = x+H ,
while the black and white hole masses areMBH =
5
4
×106 MPl
and MWH = 5× 106 MPl, respectively.
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FIG. 6. Case ∆ > 0, D > 0, |xm| < x+H , β 6= 1 + (α−1)
2
2α
:
The quantities R and ∆K vs x. Here we choose C =
1038, x0 = 10
38, D = 2× 1038, for which the horizons are lo-
cated at x±H = ±
√
3×1038, and the throat is at xm = 0, while
the black and white hole masses are MBH = 2 × 1038 MPl
and MWH = 2× 1038 MPl, respectively.
where KGR denotes the Kretschmann scalar of the
Schwarzschild solution, given by,
KGR ≡ RαβµνRαβµν =
{
48M2BH
b6(x) , x > xm,
48M2WH
b6(x) , x < xm.
(3.22)
In GR, we have RGR = 0, But due to the quantum ge-
ometric effects, clearly now we have R 6= 0. Therefore,
both quantities, R and ∆K, will describe the deviations
of the quantum black holes from the classical one. Be-
fore proceeding further, we would like to point out that
Eqs.(3.21) and (3.22) are applicable when the two hori-
zons and asymptotic regions exist. In some particular
cases, this is not true, and a proper modification for ∆K
is needed, as to be shown below.
In addition, another important quantity is the scalar
CµναβC
µναβ = K2 + 1
3
R2 − 2RµνRµν , (3.23)
where Cµναβ denotes the Weyl tensor. However, for the
sake of simplicity, in the following we shall consider only
the quantities ∆K and R, which are sufficient for our
current purpose.
In Fig. 5, the quantities R and ∆K are plotted in
the region between the two horizons (x±H = ±0.75 ×
106), from which it can be seen that the deviation from
GR are still large near these two horizons, although the
curvature decays rapidly when away from them in both
directions. In particular, for MBH = 2 × 106 MPl and
MWH = 32 × 106 MPl, near the horizons we find that
R(x+H) . 10−13, R(x−H) . 10−14, and
∣∣∆K(x+H)∣∣ . 0.50,∣∣∆K(x−H)∣∣ . 0.65, respectively. This is because now the
throat coincides with the black hole horizon (xm = x
+
H =
0.75 × 106), and to keep the throat open, the quantum
effects at this point must be strong enough.
In Fig. 6, we plot R and ∆K in the region that cov-
ers the throat (xm = 0) as well as the two horizons
(x±H = ±
√
3 × 1038). Thus, in the current case the
throat is located far away from both of the two hori-
zons. But, the deviations of the curvature near the
two horizons are still large. In particular, we find that
R(x+H) . 10−76, R(x−H) . 10−76, and
∣∣∆K(x+H)∣∣ . 0.2
and
∣∣∆K(x−H)∣∣ . 0.2 for solar mass MBH = 2×1038 MPl
and MWH = 2 × 1038 MPl. Therefore, in the cur-
rent model the quantum gravitational effects can be still
large near the horizons even for astrophysical black holes.
More detailed analyses show that this is due to the fact
that in the current case both x0 and C are large (x0 =
C = 1038). Since large x0 and C implies large λ1 and λ2,
as one can see from the relations C ≡ (16C2λ21)1/6 and
x0 ≡ λ2√n . As mentioned above, the two parameters λ1,
λ2 control quantum gravitational corrections. In partic-
ular, large λ1 and λ2 will lead to large quantum effects.
Therefore, to have negligible quantum gravitational ef-
fects, we must consider the cases where λ1 and λ2 are ef-
fectively small. In Fig. 7, we plot R and ∆K in the region
between the two horizons for C = 1, x0 = 1, D = 2×106,
for which the horizons are located at x±H ≈ ±2×106, and
the throat is at xm = 0, while the black and white hole
masses are MBH = MWH = 2× 106 MPl. From this fig-
ure we can see that now the deviations from GR decays
rapidly when away from the throat in both directions,
and near the two horizons the quantum effects already
become extremely small. In fact, near the two horizons
now we find that R(x+H) . 10−25, R(x−H) . 10−25, and∣∣∆K(x+H)∣∣ . 10−13 and ∣∣∆K(x−H)∣∣ . 10−13. Therefore,
in the current case, the quantum gravitational effects are
mainly concentrated in the neighborhood of the throat.
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FIG. 7. Case ∆ > 0, D > 0, |xm| ≤ x+H , β 6= 1 + (α−1)
2
2α
: The quantities R and ∆K vs x. Here we choose C = 1, x0 = 1, D =
2× 106, for which the throat is at xm = 0 and the black/white hole horizons are located at x±H ≈ ±2× 106, respectively. The
black and white hole masses are MBH = MWH = 2× 106 MPl.
On the other hand, in Fig. 8 we plot R and ∆K in the
region between the two horizons for C = 10−6, x0 =
1, D = 106, for which the horizons are located at
x±H ≈ ±106, and the throat is at xm ≈ − 12 × 106, while
the black and white hole masses are MBH = 10
6 MPl,
MWH = 10
−6 MPl, respectively. From this figure
we can see that now the deviations from GR decays
rapidly when away from the throat only in the black
hole direction, that is, only for x > x+H , and near the
white hole horizon the quantum effects become very large
again. In fact, near the two horizons now we find that
R(x+H) . 10−25, R(x−H) ' 1010, and
∣∣∆K(x+H)∣∣ . 10−12
and
∣∣∆K(x−H)∣∣ ' 0.05. Thus, in the current case the
quantum gravitational effects are negligible only at the
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FIG. 8. Case ∆ > 0, D > 0, |xm| ≤ x+H , β 6= 1 + (α−1)
2
2α
: The quantities R and ∆K vs x. Here we choose C = 10−6, x0 =
1, D = 106, for which the throat is at xm ≈ − 12 ×106 and the black/white hole horizons are located at x±H ≈ ±106, respectively.
The black and white hole masses are MBH = 10
6 MPl, MWH = 10
−6 MPl.
black hole horizon but still very large at the white hole
horizon. This is due to the fact that the throat is now
very close to the white hole horizon.
The above examples show clearly that, depending on
the values of the three free parameters C, D, x0 (or
D, λ1, λ2), quantum gravitational effects can be large,
even for the cases in which the black/white hole masses
are of order of solar masses. In particular, near the two
horizons x = x±H , we find
R =

− x60
D2
(
2D
(√
D2−x20−D
)
+x20
)
R+H
, x = x+H ,
x60
D2
(
2D
(
D+
√
D2−x20
)
−x20
)
R−H
, x = x−H ,
(3.24)
where R±H ≡
((
D ±
√
D2 − x20
)6
+ C6
)2/3
. Thus, for
14
D  |x0|, we have
R '
{
4x20
[(2D)6+C6]2/3 , x = x
+
H ,
x60
4D4C4 , x = x
−
H .
(3.25)
Therefore, to have the effects negligibly small near the
two horizons, we must require
C & |x0|, D  |x0|. (3.26)
On the other hand, as x→ ±∞, we find that
R '
{
− x204x4 + Dx
2
0
2x5 +O
(
6
)
, x→∞,
− x604x4C4 − Dx
6
0
2x5C4 +O
(
6
)
, x→ −∞,
(3.27)
and
∆K '
{
− 4x203MBHx +O
(
2
)
, x→∞,
+ 4C
2
3MWHx
+O (2) , x→ −∞, (3.28)
where MBH and MWH are given by Eq.(3.20). Then, we
have |∆K+/∆K−| = 1 + O
(
2
)
, as |x| → ∞. That is,
whether MWH  MBH or not, |∆K+| will always have
the same asymptotic magnitude as |∆K−|, and both of
them approach their GR limits as O(1/|x|).
Therefore, in the present case we find the following:
• The throat is always located in the region between
the black and white hole horizons, x−H ≤ xm ≤
x+H , and each of the three energy conditions, WEC,
DEC, and SEC, is satisfied at the throat only in
the case where the condition (3.10) holds. In this
case the quantum gravitational effects are always
large at the black hole horizon x = x+H . This is
expected, as at the throat the quantum effects need
to be strong, in order to keep the throat open, and
when the condition (3.10) is satisfied, the black hole
horizon always coincides with the throat, xm = x
+
H .
• Even the condition (3.10) does not hold, and the
throat is far from both of the white and black hole
horizons, that is, |xm| 
∣∣x±H ∣∣, the quantum grav-
itational effects can be still large at the two hori-
zons, including the cases in which both of the white
and black hole masses are large, MBH , MWH 
106 MPl. Only in the case where the conditions
(3.26) hold, can the effects become negligible at the
two horizons.
• In general, none of the three energy conditions is
satisfied in the neighborhoods of the white and
black hole horizons, x = x±H , except precisely at
these two surfaces. However, the surface gravity
at the black (white) hole horizon is always positive
(negative), as now the condition ρ + pr + 2pθ > 0
is still satisfied in the most part of the spacetime
[50], as can be seen from Figs. 2 and 3. So, the
trapped region (x−H < x < x
+
H) is still attractive to
observers outside of it.
• In the two asymptotically flat regions x → ±∞,
for which the geometrical radius becomes infinitely
large, b(±∞) =∞, none of the three energy condi-
tions is satisfied.
• The black and white hole masses read off from
these two asymptotically flat regions are given by
Eq.(3.20), which are always positive, no matter
the condition (3.10) is satisfied or not. Again,
this is because the relativistic Komar mass den-
sity ρ + pr + 2pθ is still positive in a large part of
the spacetime. As a result, the total masses of the
spacetime read off at the two asymptotically flat
region are positive.
It should be noted that the absence of spacetime singu-
larities in this case does not contradict to the Hawking-
Penrose singularity theorems [49], as now none of the
three energy conditions is satisfied in the two asymptot-
ically flat regions, including the case in which the condi-
tion (3.10) holds, as shown in the above explicitly.
2. |xm| > x+H
Now, let us turn to consider the case |xm| > x+H , which
implies that
β < 1 +
(α− 1)2
2α
. (3.29)
In this case, since the throat is located in the region where
a(x) > 0, then at the throat we have ρ = ρ+ and pr = p
+
r .
Hence, from Eq.(2.15) we find that the effective energy
density ρ and pressures pr and pθ at the throat are given
by
ρ =
C(12D − 5C)− 5x20
22/3C2 (x20 + C2)
,
pr = − 1
22/3C2 ,
pθ =
(
x20 + C2
)3 − 4Dx20C3
22/3C2(x20 + C2)3
. (3.30)
From these expressions, we find that in the 3D parameter
space, WEC is satisfied when,
β ≥ 1 + (α− 1)
2
2α
, and β >
1
2
α. (3.31)
Clearly, these conditions contradict to the condition
|xm| > x+H , as it can be seen from Eq.(3.29). There-
fore, in the current case WEC is always violated at the
throat. In addition, for ρ, pr and pθ given by Eq.(3.30),
we also find that neither DEC nor SEC is satisfied, after
the conditions (3.29) are taken into account. Therefore,
in the current case, none of the three energy conditions
is satisfied at the throat.
On the other hand, following the analyses provided
in the last subsection, it can be also shown that in the
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current case the following is true: (i) All the three en-
ergy conditions are not satisfied generically in the re-
gions near the black hole and white hole horizons in the
whole 3D phase space. But, the surface gravity at the
black (white) hole horizon can be still positive (nega-
tive), as the relativistic Komar mass density can be still
positive over a large region of the spacetime, so that its
integration over the 3D spatial space can be positive,∫
V
(ρ+ pr + 2pθ) dV > 0. (ii) In the two asymptotically
flat regions x→ ±∞, none of the three energy conditions
is satisfied for any given values of C, D and x0, as longer
as the condition (3.2) holds, which is resulted from the
condition ∆ > 0. (iii) The black/white hole masses are
also given by Eq.(3.20), which are all positive in the cur-
rent case, too. (iv) The quantum effects are mainly con-
centrated near the throat. Since now the throat is always
located either outside the black hole horizon (xm > x
+
H)
or outside the white hole horizon (xm < x
−
H), the quan-
tum effects can be large near the two horizons, even for
the cases where the white/black hole masses are of order
of solar masses.
It should be noted that the above analysis is not valid
for the limit cases x0 → 0 and C → 0. So, in the follow-
ing, let us consider these particular cases, separately.
3. x0 = 0, C 6= 0
If we assume that λ2 6= 0, from Eq.(2.6) we can see
that this corresponds to the limit
√
n→∞. However, to
keep D > 0 and finite, we must require D/√n → finite
and CD > 0. Then, we find that ∆ = D2, and from
Eq.(2.9) we find X = |x|, and
Y = x+ |x| =
{
2x, x ≥ 0,
0, x < 0.
(3.32)
Hence, Eq.(2.8) implies a(x) = 0 and b(x) =∞ for x ≤ 0,
that is, the metric becomes singular for x ≤ 0. However,
since b(0) =∞, it is clear that now x = 0 already repre-
sents the spatial infinity. Therefore, in this case we only
need to consider the region x ∈ (0,∞) [cf. Fig. 1(b)].
Then, we find that
X = x, Y = 2x, Z = 4
(
x6 + Cˆ6
)1/3
, (x ≥ 0), (3.33)
where Cˆ ≡ C/2, and
a(x) =
x3 (x−D)
4
(
x6 + Cˆ6
)2/3 ,
b(x) =
2
x
(
x6 + Cˆ6
)1/3
. (3.34)
Clearly, a(x) = 0 leads to two roots,
x−H = 0, x
+
H = D, (3.35)
while the minimum of b(x) now is located at xm ≡ Cˆ, so
we have
b(x) =

∞, x = 0,
24/3Cˆ, x = Cˆ,
∞, x =∞.
(3.36)
It is interesting to note that the outer (black hole) horizon
located at x = x+H can be smaller than the throat x = xm,
that is, Cˆ > D. In addition, the spacetime becomes anti-
trapped at x−H = 0. Since b(x = 0) = ∞, this anti-
trapped point now also corresponds to the spatial infinity
at the other side (the white hole side) of the throat.
To study the solutions further, in the following let us
consider the cases D ≥ Cˆ and D < Cˆ, separately.
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FIG. 9. Case ∆ > 0, D > 0, x0 = 0, C 6= 0: The physical
quantities, ρ, (ρ + pr), (ρ − pr), (ρ + pθ), (ρ − pθ), and (ρ +
pr + 2pθ), represented, respectively, by Curves 1 - 6, vs x in
the neighborhood of the throat. All curves are plotted with
C = 1, D = 1, for which the throat is at xm = 0.5, and the
outer horizon is at x+H = 1.
Case III.3.1) D ≥ Cˆ: In this case the throat locates
always inside the black hole horizon, so in the region
x < x+H we always have a(x) < 0, and the corresponding
effective energy density and pressures are given by
ρ(x) =
C6 [64Dx6 + C6(2x−D)]x
213
(
x6 + Cˆ6
)8/3 ,
pr(x) = −
C6 (DC6 − 640x7 + 704Dx6)x
213
(
x6 + Cˆ6
)8/3 ,
pθ(x) =
C6 [64Dx6 + C6(2x−D)]x
213
(
x6 + Cˆ6
)8/3 . (3.37)
In particular, at the throat (x = Cˆ), we have
ρ = pθ =
1
22/3C2 , pr =
5C − 12D
22/3C3 , (3.38)
from which we find that the WEC, SEC and DEC are
satisfied in the domain,
2D ≤ C ≤ 3D. (3.39)
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Combining Eq.(3.39) with C/2 ≤ D, we have C/2 = D,
which implies that the effective energy-momentum tensor
satisfies all the three energy conditions at the throat only
when the location of the throat and location of the black
hole horizon coincide.
In Fig. 9 we plot the physical quantities ρ, ρ±pr, ρ±pθ
and ρ+ pr + 2± pθ in the neighborhood of the throat.
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FIG. 10. Case ∆ > 0, D > 0, x0 = 0, C 6= 0: The physical quantities R and ∆K. Here we choose C = 1, D = 106, so that
MBH = 10
6 MPl, x
+
H = D = 106, xm = Cˆ = 1/2.
In addition, as x→ 0 (or b(x)→∞), we find that
ρ = pθ = −8DxC4 +
16x2
C4 +O
(
x3
)
,
pr = −8DxC4 +O
(
x3
)
, (3.40)
from which we find that the WEC, SEC and DEC are
satisfied only at x = 0.
On the other hand, outside of the black hole horizon
(x > x+H), we always have a(x) > 0, and the correspond-
ing effective energy density and pressures are given by
ρ(x) =
C6 (DC6 − 640x7 + 704Dx6)x
213
(
x6 + Cˆ6
)8/3 ,
pr(x) = −
C6 [64Dx6 + C6(2x−D)]x
213
(
x6 + Cˆ6
)8/3 ,
pθ(x) =
C6 [64Dx6 + C6(2x−D)]x
213
(
x6 + Cˆ6
)8/3 . (3.41)
In particular, at the black hole horizon (x+H = D), we
have
ρ = −pr = pθ = 8D
2C6
(64D6 + C6)5/3
, (3.42)
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so all the three energy conditions, WEC, SEC and DEC,
are satisfied at the black hole horizon. The surface grav-
ity now is given by,
κBH ≡ 1
2
a′(x = D) = 2D
3
(64D6 + C6)2/3
, (3.43)
which is always positive, as now we have D > 0.
At the spatial infinity x→∞, we find
ρ ≈ − 5C
6
64x8
+
11DC6
128x9
+O (10) ,
ρ+ pr ≈ − 5C
6
64x8
+
5DC6
64x9
+O (10) ,
ρ+ pθ ≈ − 5C
6
64x8
+
3DC6
32x9
+O (10) ,
ρ+ pr + 2pθ ≈ − 5C
6
64x8
+
3DC6
32x9
+O (10) , (3.44)
from which we can see that none of the three energy
conditions is satisfied. In addition, we also have
a(x) =
{
1
4
(
1− 2Db
)
+O (2) , x→∞,
− 4Dx3C4 + 4x
4
C4 +O
(
x6
)
, x→ 0,
b(x) '
{
2x, x→∞,
C2
2x +
32x5
3C4 +O
(
x6
)
, x→ 0. (3.45)
Therefore, the mass of the black hole is given by
MBH = D. (3.46)
To study the quantum gravitational effects further, in
Fig. 10 we plot R and ∆K in the region that covers the
throat and the horizon, from which it can be seen that
the deviation from GR quickly becomes vanishingly small
around the horizon. In addition, as x→∞, we find that
R ' −20C
6
b8
+O (9) ,
∆K ' 32C
6
3MBHb5
+O (6) , (3.47)
from which we can see that quantum corrections are de-
caying rapidly when x→∞.
When x→ 0 (b→∞), we have
R ' 8DC2b +O
(
b−2
)
,
K ' 240D
2
C4b2 +O
(
b−3
)
, (3.48)
which decays much less slowly than that in the
Schwarzschild case, KGR → b−6. 2 It is even slower than
that of the loop quantum black hole solution found by
2 In [47] a different conclusion was derived, as the authors implic-
itly assumed that x0C 6= 0. Therefore, our conclusion in this case
does not essentially contradict to the one obtained in [47].
2×1038 4×1038 6×1038 8×1038 1×1039x
-3.×10-78
-2.5×10-78
-2.×10-78
-1.5×10-78
-1.×10-78
-5.×10-79
R
(a)
2×1038 4×1038 6×1038 8×1038 1×1039x
100
1000
104
105
106
107
ΔK
(b)
FIG. 11. Case ∆ > 0, D > 0, x0 = 0, xm > x+H , : The
quantities R and ∆K vs x. Here we choose C = 1039, D =
1038, for which the outer horizon is located at x+H = 10
38, and
the throat is at xm = 5 × 1038, while the black hole mass is
MBH = 10
38 MPl.
Ashtekar, Olmedo and Singh [21, 22], in which R→ b−2
and K → b−4 [32].
Case III.3.2) D < Cˆ: In this case the throat locates
always outside the black hole horizon, so in the region
x > x+H we always have a(x) > 0, and the correspond-
ing effective energy density and pressures are given by
Eq(3.41). In particular, at the throat (x = Cˆ), we have
ρ =
6D − 5Cˆ
28/3Cˆ3 , pr = −pθ = −
1
28/3Cˆ2 , (3.49)
from which we find that the WEC, SEC and DEC are
satisfied in the domain,
0 < C/2 < D. (3.50)
Combining Eq.(3.50) with D < Cˆ, we find that in this
case, all the energy conditions are violated at the throat.
In addition, as x → 0 (or b(x) → ∞), we still have
Eq.(3.40), from which we find that the WEC, SEC and
DEC are satisfied only at x = 0. At the spatial infinity
x → ∞, we still have Eq.(3.44), from which we can see
that none of the three energy conditions is satisfied. In
addition, we also have Eq.(3.45), thus the mass of the
black hole is given by Eq.(3.46).
For the quantum gravitational effects, we still have
Eqs.(3.47) and (3.48). In Fig. 11 we plot R and ∆K in
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the region that covers the throat and the horizon, from
which it can be seen that the deviation from GR is still
large around the horizon even for solar mass black holes,
due to the fact that C is very large in this case and thus
makes ∆K large around horizon which can be seen from
Eq.(3.47).
4. C = 0, x0 6= 0
If we assume that λ1 6= 0, from Eq.(2.6) we can see
that this corresponds to the limit C → 0. However, to
keep D > 0 and finite, we must require DC → finite and
positive. Thus, we have
a(x) =
(
x2 −∆)X
(X +D)Y 2 , b(x) = Y. (3.51)
Clearly, a(x) = 0 leads to two real roots,
x±H = ±
√
∆, (3.52)
while b(x) is a monotonically increasing function with
b(x = −∞) = 0 [cf. Fig. 1(c)]. Therefore, in contrast
to the above cases, now the spacetime is not asymptoti-
cally flat as x→ −∞, but rather it represents the center
of the spacetime, at which a spacetime curvature singu-
larity appears, as to be shown below. Therefore, in the
current case the spacetime represents a black hole with
two horizons located at x = ±√∆. This is quite similar
to the charged Reissner-Nordstro¨m (RN) solution.
In the trapped region, x−H < x < x
+
H , the effective
energy density and pressures are given by
ρ(x) =
x20Y
3
X2 (Y 6)
8/3
([
1024x10 − 512Dx9 + 2560x8x20 − 1024Dx7x20 + 2240x6x40 − 672Dx5x40 + 800x4x60
−160Dx3x60 + 100x2x80 − 10Dxx80 + 2x100
]
X + 1024x11 − 512Dx10 + 3072x9x20 − 1280Dx8x20
+3392x7x40 − 1120Dx6x40 + 1664x5x60 − 400Dx4x60 + 340x3x80 − 50Dx2x80 + 20xx100 −Dx100
)
,
pr(x) = − Dx
2
0Y
X2 (Y 6)
2/3
,
pθ(x) =
x20Y
2
2X3 (Y 6)
8/3
([
4096x12 − 4096Dx11 + 13312x10x20 − 10752Dx9x20 + 16384x8x40 − 10240Dx7x40
+9408x6x60 − 4256Dx5x60 + 2480x4x80 − 720Dx3x80 + 244x2x100 − 34Dxx100 + 4x120
]
X + 4096x13
−4096Dx12 + 15360x11x20 − 12800Dx10x20 + 22528x9x40 − 15104Dx8x40 + 16192x7x60 − 8288Dx6x60
+5808x5x80 − 2080Dx4x80 + 924x3x100 − 194Dx2x100 + 44xx120 − 3Dx120
)
. (3.53)
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On the other hand, in the region x < x−H or x > x
+
H , the effective energy density and pressures are given by
ρ(x) =
Dx20Y
X2 (Y 6)
2/3
,
pr(x) = − x
2
0Y
3
X2 (Y 6)
8/3
([
1024x10 − 512Dx9 + 2560x8x20 − 1024Dx7x20 + 2240x6x40 − 672Dx5x40 + 800x4x60
−160Dx3x60 + 100x2x80 − 10Dxx80 + 2x100
]
X + 1024x11 − 512Dx10 + 3072x9x20 − 1280Dx8x20
+3392x7x40 − 1120Dx6x40 + 1664x5x60 − 400Dx4x60 + 340x3x80 − 50Dx2x80 + 20xx100 −Dx100
)
,
pθ(x) =
x20Y
2
2X3 (Y 6)
8/3
([
4096x12 − 4096Dx11 + 13312x10x20 − 10752Dx9x20 + 16384x8x40 − 10240Dx7x40
+9408x6x60 − 4256Dx5x60 + 2480x4x80 − 720Dx3x80 + 244x2x100 − 34Dxx100 + 4x120
]
X + 4096x13
−4096Dx12 + 15360x11x20 − 12800Dx10x20 + 22528x9x40 − 15104Dx8x40 + 16192x7x60 − 8288Dx6x60
+5808x5x80 − 2080Dx4x80 + 924x3x100 − 194Dx2x100 + 44xx120 − 3Dx120
)
. (3.54)
In Fig. 12 we plot the physical quantities ρ, ρ±pr, ρ±
pθ and ρ + pr + 2 ± pθ in the neighborhood of the two
horizons, from which we can see that all these quantities
become unbounded as x→ −∞ (or b(x)→ 0).
In particular, at the horizon (x =
√
∆), we have
ρ = −pr =
(√
∆ +D
)
x20
DZ2 ,
pθ =
x40
2D2Z2 , (3.55)
so all the three energy conditions, WEC, SEC and DEC,
are satisfied in the domain
|x0| < D, (x0 6= 0) . (3.56)
The surface gravity at this horizon is given by,
κBH ≡ 1
2
a′(x =
√
∆)
=
Y 2
2Z5
([
32D6 − x60 + 18D2x40 − 48D4x20
]√
∆
+32D7 − 6Dx60 + 38D3x40 − 64D5x20
)
, (3.57)
which is always positive, provided that the conditions
(3.56) hold.
On the other hand, at the horizon x = −√∆, we have
ρ = −pr = YDx80
(
16D4
(
D +
√
∆
)
+ x40
(
5D +
√
∆
)
− 4D2x20
(
5D + 3
√
∆
))
,
pθ =
x40
2D2Y 2 , (3.58)
so all the three energy conditions, WEC, SEC and DEC,
are satisfied in the domain given by Eq.(3.56). The sur-
face gravity at this horizon is given by,
κBH≡ 1
2
a′(x = −
√
∆)
= − Y
2
2Z5
([
32D6 − x60 + 18D2x40 − 48D4x20
]√
∆
−32D7 + 6Dx60 − 38D3x40 + 64D5x20
)
, (3.59)
which is always negative when the conditions (3.56) hold.
As x→ ±∞, we find that
ρ(x) =
{Dx20
8x5 +O
(
6
)
, x→∞,
− 8Dx
x40
+O () , x→ −∞,
pr(x) =
{
− x204x4 + Dx
2
0
8x5 +O
(
6
)
, x→∞,
− 16x2
x40
− 8Dx
x40
− 4
x20
+O () , x→ −∞,
pθ(x) =
{
x20
4x4 − Dx
2
0
4x5 , x→∞,
16x2
x40
+ 8Dx
x40
+ 4
x20
+O () , x→ −∞,
(3.60)
20
1
2
3
4
5
6
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5-10
0
10
20
30
40
50
60
x
(a)
1
2
3
4
5
6
1.8 2.0 2.2 2.4 2.6 2.8 3.0
-0.005
0.000
0.005
0.010
0.015
0.020
x
(b)
1
2
3
4
5
6
-3.0 -2.8 -2.6 -2.4 -2.2 -2.0 -1.8
-50
0
50
100
150
x
(c)
FIG. 12. Case ∆ > 0, D > 0, x0 6= 0, C = 0: The physical
quantities, ρ, (ρ + pr), (ρ − pr), (ρ + pθ), (ρ − pθ), and (ρ +
pr + 2pθ), represented, respectively, by Curves 1 - 6, vs x:
(a) between the white and black horizons, x−H ≤ x ≤ x+H ;
(b) outside the black horizon, x ≥ x+H =
√
3; (c): outside
the white horizon, x ≤ x−H = −
√
3. All curves are plotted
with x0 = 1, D = 2, for which the two horizons are located
respectively at x±H = ±
√
∆ = ±√3.
from which we can show that none of the three energy
conditions, WEC, SEC and DEC, is satisfied at spatial
infinity x = ∞ as well as at the center b(x = −∞) = 0.
In addition, we also have
a(x) =

1
4
(
1− 2Db
)
+O (2) , x→∞,
4x4
x40
+ 4Dx
3
x40
+ 6x
2
x20
+ 4Dx
x20
+ 74 +
D
4x +O
(
2
)
, x→ −∞,
b(x) '
{
2x, x→∞,
−x202x + x
4
0
8x3 +O
(
4
)
, x→ −∞. (3.61)
Thus, the mass of the black hole is given by
MBH = D. (3.62)
However, at x = −∞ we have b(−∞) = 0, and the
physical quantities, ρ, pr and pθ, all become unbounded,
so a spacetime curvature singularity appears at x = −∞,
and the solution has a RN-like structure, i.e., two hori-
zons, one is inner and the other is outer, located, respec-
tively, at x = ±√∆. The spacetime singularity located
at b(−∞) = 0 is timelike.
On the other hand, in Fig. 13 we plot R and ∆K in
the region that covers the throat and the horizons, from
which it can be seen that the deviation from GR quickly
becomes vanishing small around the outer horizon, but
around the inner horizon, R deviates from GR signifi-
cantly. In fact, as x→ ±∞, we find that
R '
{
− x204x4 + Dx
2
0
2x5 +O
(
6
)
, x→∞,
− 16x2
x40
− 16Dx
x40
− 4
x20
+O () , x→ −∞,(3.63)
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FIG. 13. Case ∆ > 0, D > 0, x0 6= 0, C = 0: The physical quantities R and ∆K vs x. Here we choose x0 = 1, D = 106, so
that MBH = 10
6 MPl, and the horizons are located at x = ±D = ±106.
and
K '

3D2
4x6 +O
(
7
)
, x→∞,
2816x4
x80
+ 3072Dx
3
x80
+
64x2(15D2+22x20)
x80
+ 640Dx
x60
+
16(11x20−8D2)
x60
+O () , x→ −∞,
(3.64)
from which we can see that, as x → −∞, both of the
Ricci and Kretschmann scalars become unbounded, and
a spacetime singularity appears at b(x = −∞) = 0.
It is interesting to note that ∆K is bounded and ap-
proaches a non-zero constant −1, as x → −∞. In fact,
we have
∆K '
{
− 4x203MBHx +O
(
2
)
, x→∞,
−1 + 11x40
12M2BHx
2 +O
(
3
)
, x→ −∞,(3.65)
where in writing the above expressions we had set KGR =
48MBH/b
6 over the whole region x ∈ (−∞,∞). Thus,
near the singular point b(x = −∞) = 0, the Kretschmann
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scalar of the quantum black hole diverges much more
slowly than that of the Schwarzschild black hole. This
can be seen from Eqs.(3.61) and (3.64), from which we
find that K ∝ b−4 as x→ −∞.
5. x0 = C = 0
Since λ1λ2 6= 0, from Eq.(2.6) we can see that this cor-
responds to the limits C → 0 and √n→∞. However, to
keep D > 0, at these limits, we must require DC/√n→
finite and positive. Then, we find that ∆ = D2, and from
Eq.(2.9) we find X = |x|, and
Y = x+ |x| =
{
2x, x ≥ 0,
0, x < 0.
(3.66)
Therefore, the spacetime must be restricted to the region
x ≥ 0, in which we have
a(x) =
x−D
4x
=
1
4
(
1− 2D
b
)
,
b(x) = (x+
√
x2) = 2x, (3.67)
and
ρ(x) = pr = pθ(x) = 0. (3.68)
In fact, this is precisely the Schwarzschild solution, and
will take its standard form, by setting r = 2x and rescal-
ing t,
ds2 =
(
1− 2m
r
)
dt2+
(
1− 2m
r
)−1
dr2+r2dΩ2, (3.69)
where m ≡ D. This case can be also considered as the
limit of λ1,2 → 0, for which the GR limit is obtained.
Therefore, the results are consistent with the effective
theory of quantum black holes, as the singularities are
always avoided exactly because of the replacement (1.9).
When λ1,2 → 0, the classical limits are recovered.
B. D < 0
In this case, similar to the last one, let us consider
x0C 6= 0 and x0C = 0, separately.
1. x0C 6= 0
Then, since ∆ = D2 − x20 > 0, we must have
D < − |x0| . (3.70)
Thus, from Eq.(2.8) we find that
a(x) =
(X + |D|)XY 2
Z2
, b(x) =
Z
Y
, (3.71)
where X, Y and Z are given by Eq.(2.9). From the
above expressions, it can be shown that there are two
asymptotically flat regions, corresponding to x → ±∞,
respectively. They are still connected by a throat located
at xm given by Eq.(3.3) [cf. Fig. 1(a)]. But since a(x) 6=
0 for any given x, horizons, either WHs or BHs, do not
exist.
At the throat, the effective energy density ρ and pres-
sures pr and pθ are still given by Eq.(3.30). Then, it can
be easily shown that none of the three energy conditions
can be satisfied in the current case, because condition
Eq.(3.31) is always violated for D < 0.
At the spatial infinities x → ±∞, we find that the
expression of ρ, pr, pθ are still given by Eq.(3.18), from
which we can see that none of the three energy conditions
is satisfied either. The asymptotic expressions of a(x)
and b(x) are still given by Eq.(3.19), and the total masses
measured at x→ ±∞ are
M+ = D, M− = DC
2
x20
, (3.72)
but since we now have D < 0, they are all negative. Note
that from now on, we use M± to denote the total masses
of the spacetimes measured at x = ±∞, when no horizons
(either BHs or WHs) exist, while reserve MBH/WH to
denote the black (white) hole masses.
It can be shown that in the present case the deviation
from GR decays rapidly when away from the throat from
both directions of it only for some particular choice of
the free parameters. In particular, as x → ±∞, we find
that the asymptotic expressions of R(x) and ∆K(x) are
still given by Eq.(3.27) and Eq.(3.28), with MBH(MWH)
being replaced by M+(M−). Therefore, we still have
|∆K+/∆K−| = 1+O
(
2
)
, as |x| → ∞. That is, whether
M−  M+ or not, |∆K+| will always have the same
asymptotic magnitude as |∆K−|, and both of them ap-
proach their GR limits as O(1/|x|).
2. x0 = 0, C 6= 0
In this case a(x) and b(x) are still given by Eq.(3.34),
but since D < 0, a(x) = 0 is possible only when
xH = 0, (3.73)
where b(x = 0) =∞. Therefore, in the current case there
is no black/white hole horizon either, while the minimum
of b(x) now is still located at xm ≡ Cˆ [cf. Fig. 1(b)]. On
the other hand, in this case the effective energy density
and pressures are still given by Eq.(3.41), which are all
become zero as x→ 0.
At the throat (x = Cˆ), ρ, pr, pθ are given by Eq.(3.49),
but since now we have D < 0, none of the three energy
conditions is satisfied at the throat.
At the spatial infinity x → ∞, on the other hand, we
have the same expressions as given by Eq.(3.44), from
which we can see that none of the three energy conditions
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TABLE II. The main properties of the solutions given by Eqs.(2.7)-(2.10) with ∆ > 0 in various cases, where bhH ≡ black
hole horizon, whH ≡ white hole horizon, ECs ≡ energy conditions, SAF ≡ spacetime is asymptotical flat, SCS ≡ spacetime
curvature singularity, and Sch.S ≡ Schwarzschild solution. In addition, “X” means yes, “×” means no, while “N/A” means
not applicable.
Properties ∆ > 0
D > 0 D < 0
C 6= 0, C 6= 0, C = 0, C = x0 = 0 C 6= 0, C 6= 0, C = 0, C = x0 = 0
x0 6= 0 x0 = 0 x0 6= 0 (Sch.S) x0 6= 0 x0 = 0 x0 6= 0 (Sch.S)
bhH exists? X X X X × × × ×
ECs at bhH Eq.(3.2) X Eq.(3.56) X N/A N/A N/A N/A
whH exists? X × X × × × × ×
ECs at whH Eq.(3.2) N/A Eq.(3.56) N/A N/A N/A N/A N/A
Throat exists? X X × × X X × ×
ECs at throat Eq.(3.10) C = 2D N/A N/A × × N/A N/A
ECs at x =∞ × × × X × × × X
Mass at x =∞ D D D D D D D D
ECs at x = −∞ × N/A (x ≥ 0) × N/A (x ≥ 0) × N/A (x ≥ 0) × N/A (x ≥ 0)
Mass at x = −∞ DC2
x20
SAF at x = 0 SCS SCS at x = 0 DC
2
x20
SAF at x = 0 SCS SCS at x = 0
is satisfied. The asymptotic behavior of a(x) and b(x)
are still given by Eq.(3.45). Therefore, the total mass at
x→∞ is given by
M+ = D < 0. (3.74)
On the other hand, to study the quantum gravita-
tional effects further, we consider the physical quantities
R and ∆K and find that the deviation from GR also
quickly becomes vanishingly small as x → ∞ for some
particular choice of the free parameters. In particular, as
x→∞, we find that the asymptotic expressions of R(x)
and ∆K(x) are still given by Eq.(3.47), with MBH being
replaced by M+.
3. x0 6= 0, C = 0
From Eq.(2.8) we find that
a(x) =
(X + |D|)X
Y 2
, b(x) = Y, (3.75)
where X, Y and Z are given by Eq.(2.9). Clearly, a(x) =
0 has no real roots, thus no horizons exist, while b(x)
is still a monotonically increasing function with b(x =
−∞) = 0 [cf. Fig. 1(c)].
On the other hand, in this case the effective energy
density and pressures are still given by Eq.(3.54). In
particular, at the spatial infinities x → ±∞, they stall
take the forms of Eq.(3.60), from which we find none
of the three energy conditions, WEC, SEC and DEC, is
satisfied. In addition, the asymptotic behaviors of a(x)
and b(x) are given by Eq.(3.61). Therefore, the total
mass at x =∞ is still given by Eq.(3.62), which is always
negative.
However, at x = −∞ we have b(−∞) = 0, and the
physical quantities, ρ, pr and pθ, all become unbounded,
so a spacetime curvature singularity appears at x = −∞.
In addition, from R and ∆K we find that the deviation
from GR quickly becomes vanishingly small as x→ +∞,
but as x → −∞, R deviates from GR significantly, as a
spacetime curvature singularity now appears at x = −∞,
at which we have b(x = −∞) = 0.
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4. x0 = C = 0
In this case, the solution is precisely the Schwarzschild
solution with negative mass, and will take its standard
form, by setting r = 2x and rescaling t,
ds2 =
(
1− 2m
r
)
dt2+
(
1− 2m
r
)−1
dr2+r2dΩ2, (3.76)
where m ≡ D < 0.
This completes the analysis of the solutions in the case
∆ > 0. In Table II, we summarize the main properties
of these solutions.
IV. SPACETIMES WITH ∆ = 0
From Eq.(2.10) we find that this case corresponds to
|λ2| = 3
2
|CD| , or |D| = |x0| . (4.1)
Then, from Eqs.(2.8) and (2.9) we obtain
a(x) =
x2XY 2
(X +D)Z2 , b(x) =
Z
Y
, (4.2)
where
X ≡
√
x2 +D2, Y ≡ x+X,
Z ≡ (Y 6 + C6)1/3 . (4.3)
To study these solutions further, in the following let us
consider the three possibilities, D > 0, D = 0 and D < 0,
separately.
A. D > 0
In this subcase, there are still two possibilities, C 6= 0
and C = 0.
1. C 6= 0
In this case, since we also have D > 0, we find that
b(x) =

∞, x =∞,
21/3C, x = xm,
∞, x = −∞,
(4.4)
where xm ≡ (C2 −D2)/(2C) [cf. Fig. 1(a)].
On the other hand, a(x) = 0 leads to x±H = 0, which is
a double root. This is similar to the charged RN solution
in the extreme case |e| = m. At the horizon, we have
b(0) =
(C6 +D6)1/3
|D| , (4.5)
and
ρ = −pr = 2pθ = D
2
(D6 + C6)2/3
, (4.6)
from which we find that all the WEC, SEC and DEC are
satisfied. In addition, the surface gravity at the horizon
is,
κBH≡ 1
2
a′(x = 0) = 0, (4.7)
as in the extremal case of the RN solution.
At the throat, the effective energy density ρ and pres-
sures pr and pθ are given by
ρ =
−5D2 + 12DC − 5C2
22/3C2 (D2 + C2) , pr = −
1
22/3C2 ,
pθ =
(D2 + C2)3 − 4D3C3
22/3 (D2 + C2)3 , (4.8)
from which we find that WEC, SEC and DEC are satis-
fied only when
D = C. (4.9)
Then, from the expression xm = (C2 −D2)/(2C), we can
see when D = C we also have xm = 0, i.e., the black hole
horizon now coincides with the throat.
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FIG. 14. Case ∆ = 0, D > 0, C 6= 0: The physical
quantities, ρ, (ρ + pr), (ρ − pr), (ρ + pθ), (ρ − pθ), and
(ρ + pr + 2pθ), represented, respectively, by Curves 1 - 6, vs
x in the neighborhood of the throat. All graphs are plotted
with C = 1.5, D = 2, for which the throat is at xm ≈ −0.437,
and horizons are at x±H = 0.
In Fig. 14 we plot out the quantities ρ, ρ± pr, ρ± pθ
and ρ+ pr + 2pθ vs x in the neighborhood of the throat
for C = 1.5, D = 2. With these choices, the throat is
located at xm ≈ −0.437, and the horizon is at x±H = 0.
From these curves we can see clearly that the three energy
conditions, WEC, SEC, and DEC, are satisfied only at
the horizon.
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At the spatial infinities x→ ±∞, we find that
ρ(x) =
{
D3
8x5 +O
(
6
)
, x→∞,
− D78x5C4 +O
(
6
)
, x→ −∞,
pr(x) =
{
− D24x4 + D
3
8x5 +O
(
6
)
, x→∞,
− D64x4C4 − D
7
8x5C4 +O
(
6
)
, x→ −∞,
pθ(x) =
{
D2
4x4 − D
3
4x5 +O
(
6
)
, x→∞,
D6
4x4C4 +
D7
4x5C4 +O
(
6
)
, x→ −∞, (4.10)
and
a(x) =

1
4
(
1− 2Db
)
+O (2) , x→∞,
D4
4C4
(
1− (2C
2/D)
b
)
+O (2) , x→ −∞,
b(x) '
{
2x+O () , x→∞,
−2 (C2/D2)x+O () , x→ −∞, (4.11)
where  ≡ 1/x. Therefore, the masses of the black and
white holes are given, respectively, by
MBH = D, MWH = C
2
D . (4.12)
-1×106 -500000 500000 1×106 x2.×10
-14
5.×10-14
1.×10-13
2.×10-13
5.×10-13
R
(a)
-1×108 -5×107 5×107 1×108 x
-0.8
-0.6
-0.4
-0.2
ΔK
(b)
FIG. 15. Case ∆ = 0, D > 0, C 6= 0: R and ∆K vs x. Here
we choose C = x0 = 106, for which the horizon and the throat
are all located at x±H = xm = 0.
On the other hand, from Eq.(4.10) we find that in the
limit x→∞ we have
ρ ≈ D
3
8x5
+O (6) ,
ρ+ pr ≈ − D
2
4x4
+
D3
4x5
+O (6) ,
ρ+ pθ ≈ D
2
4x4
− D
3
8x5
+O (6) ,
ρ+ pr + 2pθ ≈ D
2
4x4
− D
3
4x5
+O (6) , (4.13)
while in the limit x→ −∞, we have
ρ ≈ − D
7
8x5C4 +O
(
6
)
,
ρ+ pr ≈ − D
6
4x4C4 −
D7
4x5C4 +O
(
6
)
,
ρ+ pθ ≈ D
6
4x4C4 +
D7
8x5C4 +O
(
6
)
,
ρ+ pr + 2pθ ≈ D
6
4x4C4 +
D7
4x5C4 +O
(
6
)
. (4.14)
Therefore, none of the three energy conditions is satisfied
at both x = −∞ and x =∞.
In Fig. 15, we plot R and ∆K for solar mass
black/white holes in the region that covers the throat,
with C = D = x0 = 106, for which the horizon and the
throat are all located at x±H = xm = 0. In this case, it
can be seen that the deviations from GR decay rapidly
when away from the throat from both directions, and the
quantum gravitational effects are mainly concentrated in
the neighborhood of it.
In addition, as x→ ±∞, we find that
R '
{
− D24x4 + D
3
2x5 +O
(
6
)
, x→∞,
− D64x4C4 − D
7
2x5C4 +O
(
6
)
, x→ −∞, (4.15)
and
∆K '
{
− 4MBH3x +O
(
2
)
, x→∞,
+ 4C
2
3MWHx
+O (2) , x→ −∞, (4.16)
where MBH and MWH are given by Eq.(4.12).
2. C = 0
In this case, we have
a(x) =
x2X
(X +D)Y 2 , b(x) = Y. (4.17)
Then, a(x) = 0 leads to x = 0, which is a double root, as
mentioned above. The geometric radius b(x) is a mono-
tonically increasing function with b(x = −∞) = 0 [cf.
Fig. 1(c)].
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FIG. 16. Case ∆ = 0, D > 0, C = 0: The physical quanti-
ties, ρ, (ρ+pr), (ρ−pr), (ρ+pθ), (ρ−pθ), and (ρ+pr +2pθ),
represented, respectively, by Curves 1 - 6, vs x in the neigh-
borhood of the horizon x±H = 0. All graphs are plotted with
D = 2.
In Fig. 16 we plot the physical quantities ρ, ρ±pr, ρ±
pθ and ρ+pr + 2±pθ in the neighborhood of the horizon
xH = 0, at which, we have
ρ = −pr = 2pθ = 1D2 , (4.18)
so all the three energy conditions, WEC, SEC and DEC,
are satisfied. In addition, the surface gravity at this hori-
zon also vanishes.
At the spatial infinities x→ ±∞, we find that
ρ(x) =
{
D3
8x5 +O
(
6
)
, x→∞,
− 8xD3 +O () , x→ −∞,
pr(x) =
{
− D24x4 + D
3
8x5 +
(
6
)
, x→∞,
− 16x2D4 − 8rD3 − 4D2 +O () , x→ −∞,
pθ(x) =
{
D2
4x4 − D
3
4x5 +O
(
6
)
, x→∞,
16x2
D4 +
8x
D3 +
4
D2 +O () , x→ −∞,
(4.19)
from which we can see that none of the three energy con-
ditions, WEC, SEC and DEC, is satisfied at the spatial
infinities. In addition, we also have
a(x) =

1
4
(
1− 2Db
)
+O (2) , x→∞,
4x4
D4 +
4x3
D3 +
6x2
D2 +
4x
D
+ 74 +
D
4x +O
(
2
)
, x→ −∞,
b(x) '
{
2x+O () , x→∞,
−D22x + D
4
8x3 +O
(
4
)
, x→ −∞. (4.20)
Therefore, the mass of the black hole is given by
MBH = D. (4.21)
However, at x = −∞ we have b(−∞) = 0, and the phys-
ical quantities, ρ, pr and pθ, all become unbounded, so a
spacetime curvature singularity appears at x = −∞.
To study the quantum gravitational effects further, in
Fig. 17 we plot R and ∆K, from which it can be seen
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FIG. 17. Case ∆ = 0, D > 0, C = 0: R and ∆K vs x. Here
we choose x0 = 10
6, D = 106, so that MBH = 106 MPl. Note
that the horizon is located at x±H = 0, and the spacetime is
singular at b(x = −∞) = 0.
that the deviation from GR quickly becomes vanishingly
small as x → ∞. However, as x → −∞, R diverges, as
now the spacetime is singular at b(x = −∞) = 0. In fact,
as x→ ±∞, we find that
R '
{
− D24x4 + D
3
2x5 +O
(
6
)
, x→∞,
− 16x2D4 − 16xD3 − 4D2 +O () , x→ −∞,
(4.22)
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K '

3D2
4x6 − D
3
x7 +O
(
8
)
, x→∞,
2816x4
D8 +
3072x3
D7 +
2368x2
D6
+ 640xD5 +
48
D4 +O () , x→ −∞,
(4.23)
and
∆K '
{
− 4MBH3x +O
(
2
)
, x→∞,
−1 + 11D4
12M2BHx
2 +O
(
3
)
, x→ −∞.(4.24)
B. D = 0
In this case, since |D| = |x0|, we also have x0 = 0.
Then, from Eq.(2.6), this corresponds to the limit n →
∞. Again, to study the solutions further, we consider
the two cases C 6= 0 and C = 0, separately.
1. C 6= 0
From Eq.(2.9) we find X = |x|, and
Y = x+ |x| =
{
2x, x ≥ 0,
0, x < 0.
(4.25)
Thus, from Eq.(2.8) we find a(x) = 0 and b(x) = ∞ for
x ≤ 0, that is, the metric becomes singular for x ≤ 0.
However, since b(0) = ∞, it is clear that now x = 0
already represents the spatial infinity. Therefore, in this
case we only need to consider the region x ∈ (0,∞) [cf.
Fig. 1(b)]. In this case we have
a(x) =
x2Y 2
Z2
, b(x) =
Z
Y
. (4.26)
Clearly, a(x) = 0 leads to a double root, x±H = 0, while
the minimum of b(x) now is located at xm ≡ Cˆ = C/2, so
we have
b(x) =

∞, x = 0,
24/3Cˆ, x = Cˆ,
∞, x =∞.
(4.27)
The spacetime becomes anti-trapped at x = 0. Since
b(x = 0) = ∞, this anti-trapped point now also cor-
responds to the spatial infinity at the other side of the
throat, located at xm = Cˆ.
On the other hand, the effective energy density and
pressures are now given by
ρ(x) = − 5120x
8C6
(64x6 + C6)8/3
,
pr(x) = − 16x
2C12
(64x6 + C6)8/3
,
pθ(x) =
16x2C12
(64x6 + C6)8/3
, (4.28)
which all become zero as x→ 0. They are also vanishing
as x→∞.
At the throat (x = Cˆ), we have
ρ = − 5
28/3Cˆ2 , pr = −pθ = −
1
28/3Cˆ2 , (4.29)
so we find that none of the WEC, SEC and DEC is sat-
isfied.
At the spatial infinity x → ∞, on the other hand, we
find
ρ ≈ − 5C
6
64x8
+O (9) ,
ρ+ pr ≈ − 5C
6
64x8
+O (9) ,
ρ+ pθ ≈ − 5C
6
64x8
+O (9) ,
ρ+ pr + 2pθ ≈ − 5C
6
64x8
+O (9) , (4.30)
while as x→ 0 (or b(x)→∞), we find that
ρ ≈ −5120x
8
C10 +O
(
x11
)
,
ρ+ pr ≈ −16x
2
C4 −
7168x8
3C10 +O
(
x11
)
,
ρ+ pθ ≈ 16x
2
C4 −
23552x8
3C10 +O
(
x11
)
,
ρ+ pr + 2pθ ≈ 16x
2
C4 −
23552x8
3C10 +O
(
x11
)
, (4.31)
from which we can see that none of the three energy
conditions is satisfied.
In addition, we also have
a(x) =
{
1
4
(
1− 2C63b6
)
+O (7) , x→∞,
4x4
C4 +O
(
x6
)
, x→ 0,
b(x) '
{
2x+O () , x→∞,
C2
2x +
32x5
3C4 +O
(
x6
)
. x→ 0. (4.32)
Thus, the space-time is asymptotically flat as x → ∞,
with a black/hole mass given by
MBH/WH = 0. (4.33)
On the other hand, to study the quantum gravitational
effects, in Fig. 18 we plot R and K in the region that
covers the throat, and in the asymptotical regions x→ 0
and x→∞, from which it can be seen that the deviation
from GR is mainly in the region near the throat, and
quickly becomes vanishingly small as x→∞ or x→ 0.
The spacetime is also asymptotically flat as x →
0 (b(0) =∞). In fact, we find
R '
{
− 5C664x8 +O
(
9
)
, x→∞,
− 16x2C4 +O
(
x4
)
, x→ 0,
K '
{
127C12
4096x16 +O
(
19
)
, x→∞,
2816x4
C8 +O
(
x6
)
, x→ 0. (4.34)
28
0.2 0.4 0.6 0.8 1.0
x
-4
-3
-2
-1
R
(a)
0.2 0.4 0.6 0.8 1.0
x
10
20
30
K
(b)
FIG. 18. Case ∆ = 0, D = 0, C 6= 0: R and K vs x. Here we
choose C = 1. Note that now the throat is at x = Cˆ = 1/2.
2. C = 0
From Eq.(2.9) we find
Y = x+ |x| =
{
2x, x ≥ 0,
0, x < 0.
(4.35)
Therefore, the spacetime must be restricted to the region
x ≥ 0, in which we have
a(x) =
1
4
, b(x) = (x+
√
x2) = 2x, (4.36)
and
ρ(x) = pr = pθ(x) = 0. (4.37)
In fact, this is precisely the Minkowski solution, and will
take its standard form, by setting r = 2x and rescaling t.
C. D < 0
Similar to the last subcase, now we also need to con-
sider the cases C 6= 0 and C = 0 separately.
1. C 6= 0
When D < 0, we find that
b(x) =

∞, x =∞,
21/3C, x = xm,
∞, x = −∞,
(4.38)
where xm ≡ (C2−D2)/(2C) [cf. Fig. 1(a)]. On the other
hand, a(x) = 0 has no real roots, thus in the current case
no black/white hole horizons exist.
But, as shown by Eq.(4.38), a throat still exists at x =
xm, at which the effective energy density ρ and pressures
pr and pθ are still given by Eq.(4.8), from which we find
that none of the three energy conditions is satisfied at
this point.
At the spatial infinities x → ±∞, we find that the
effective energy density ρ and pressures pr and pθ are
still given by Eqs.(4.10), (4.13), and(4.14), from which
we can see that none of the three energy conditions is
satisfied at both x = −∞ and x = ∞. In addition, the
asymptotic expression of a(x) and b(x) are still given by
Eq.(4.11). Therefore, the total mass at x → ∞ is given
by
M+ = D < 0, (4.39)
while the total mass at x→ −∞ is given by
M− =
C2
D < 0. (4.40)
It can be shown that in the present case the quantum
gravitational effects are also concentrated in the region
near the throat, and are vanishing rapidly when away
from it in each side of the throat.
2. C = 0
In this case, we have
a(x) =
(X + |D|)X
Y 2
, b(x) = Y. (4.41)
Thus, a(x) = 0 has no real roots, and b(x) becomes a
monotonically increasing function with b(−∞) = 0 and
b(∞) =∞ [cf. Fig. 1(c)]. Therefore, in this case a throat
does not exist.
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TABLE III. The main properties of the solutions given by Eqs.(2.7)-(2.10) with ∆ = 0, for which we have x±H = 0, and the
white and black hole horizons always coincide. Here bhH ≡ black hole horizon, whH ≡ white hole horizon, ECs ≡ energy
conditions, SAF ≡ spacetime is asymptotical flat, and SCS ≡ spacetime curvature singularity. In addition, “X” means yes,
“×” means no, while “N/A” means not applicable.
Properties ∆ = 0
D > 0 D = 0 D < 0
C 6= 0 C = 0 C 6= 0 C = 0 C 6= 0 C = 0
bhH/whH exists? X X X (Minkowski) × ×
ECs at bhH/whH X X × N/A N/A N/A
Throat exists? X × X N/A X ×
ECs at throat Eq.(4.9) N/A × N/A × N/A
ECs at x =∞ × × × N/A × ×
Mass at x =∞ D D 0 0 D D
ECs at x = −∞ × × N/A(x ≥ 0) N/A × ×
Mass at x = −∞ C2D SCS(b(−∞) = 0) SAF(x = 0) N/A C
2
D SCS(b(−∞) = 0)
At the spatial infinities x → ±∞, we find that the ef-
fective energy density ρ and pressures pr and pθ are still
given by Eq.(4.19), from which we find that none of the
three energy conditions, WEC, SEC and DEC, is satis-
fied at the spatial infinity. In addition, the asymptotic
expressions of a(x) and b(x) are still given by Eq.(4.20).
Therefore, the total mass at x→∞ is given by
M+ = D < 0. (4.42)
However, at x = −∞ we have b(−∞) = 0, and the
physical quantities, ρ, pr and pθ, all become unbounded,
so a spacetime curvature singularity appears at x = −∞.
Since no horizon exists, such a singularity is also naked.
This completes our analysis for the case ∆ = 0, and
the main properties of these solutions are summarized in
Table III.
V. SPACETIMES WITH ∆ < 0
In this case we have
a(x) =
(
x2 + |∆|)XY 2
(X +D)Z2 , b(x) =
Z
Y
, (5.1)
where X, Y, Z are given by Eq.(2.9), while ∆ is given
by Eq.(2.10), from which we find ∆ < 0 implies
|D| < |x0| . (5.2)
Then, we find that
b(x) =

∞, x =∞,
21/3C, x = xm,
∞, x = −∞,
(5.3)
where xm ≡ (C2 − x20)/(2C) [cf. Fig. 1(a)].
To study the solutions further, as what we did in the
last case, let us consider the solutions with D > 0, D = 0
and D < 0, separately.
A. D > 0
Then, we find a(x) is non-zero for any x ∈ (−∞,∞),
and in particular we have
a(x) =
{
1
4 , x =∞,
x40
4C2 , x = −∞.
(5.4)
Thus, in the current case horizons do not exist. But, a
throat does exist, as shown by Eq.(5.3). At the throat,
the effective energy density ρ and pressures pr and pθ are
still given by Eq.(3.30), from which we find that WEC,
SEC and DEC are still satisfied, provided that
|x0| ≤
√
C(2D − C) , 0 < C ≤ 2D. (5.5)
In addition, we also have the constraint |D| < |x0|, as
now we are considering the case ∆ < 0.
At the spatial infinities x → ±∞, we find that the
effective energy density ρ and pressures pr and pθ can be
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also written in the forms of Eq.(3.18), from which we can
see that none of the three energy conditions is satisfied
at both x = −∞ and x =∞.
The asymptotic expressions of a(x) and b(x) are still
given by Eq.(3.19). Therefore, the total mass at x→∞
is given by
M+ = D, (5.6)
while the total mass at x→ −∞ is given by
M− =
DC2
x20
. (5.7)
It can be shown that the quantum gravitational effects
are concentrated in the region near the throat, and are
rapidly vanishing as away from the throat in each side of
it only by proper choice of the free parameters involved in
the solutions, as in the corresponding case ∆ > 0, D > 0
and x0C 6= 0.
Although no horizons exist in the present case, the cor-
responding solution is very interesting on its own rights:
it represents a wormhole spacetime, in which all the three
energy conditions, WEC, SEC, and DEC, are satisfied
in the neighborhood of the throat, provided that Eq.(5.5)
holds, while none of them is satisfied at the asymptoti-
cally flat regions (spatial infinities) x→ ±∞.
It should be also noted that the above analysis does not
cover the limit cases x0 → 0 and C → 0. However, since
now |D| < |x0|, the cases x0 = 0, C 6= 0 and x0 = C = 0
do not exist. So, only the limiting case, C = 0, x0 6= 0,
exists.
• C = 0, x0 6= 0: In this case, we have
a(x) =
(
x2 + |∆|)X
(X +D)Y 2 , b(x) = Y. (5.8)
Clearly, a(x) = 0 does not have real solutions, while b(x)
is a monotonically increasing function with b(x = −∞) =
0, as shown in Fig. 1(c).
At the spatial infinities x → ±∞, we find that the
effective energy density ρ and pressures pr and pθ are
still given by Eq.(3.60), from which we can see that none
of the three energy conditions is satisfied at both x = −∞
and x =∞.
The asymptotic expression of a(x) and b(x) are still
given by Eq.(3.61). Therefore, the total mass at x→∞
is given by
M+ = D. (5.9)
However, at x = −∞ we have b(−∞) = 0, and the phys-
ical quantities, ρ, pr and pθ, all become unbounded, so a
spacetime curvature singularity appears at x = −∞.
B. D = 0
From Eq.(2.8) we find that
a(x) =
X2Y 2
Z2
, b(x) =
Z
Y
, (5.10)
where X, Y and Z are given by Eq.(2.9). From the
above expressions, it can be shown that there are two
asymptotically flat regions, corresponding to x → ±∞,
respectively. They are still connected by a throat located
at xm given by Eq.(3.3) [cf. Fig. 1(a)]. But since a(x) 6=
0 for any given x ∈ (−∞,∞), as it can be seen from the
above expression, horizons, either WHs or BHs, do not
exist.
At the throat, the effective energy density ρ and pres-
sures pr and pθ are given by
ρ = − 5
28/3Cˆ2 , pr = −pθ = −
1
28/3Cˆ2 , (5.11)
so none of the WEC, SEC and DEC is satisfied.
At the spatial infinities x → ±∞, we find that the
effective energy density ρ and pressures pr and pθ take
the forms,
ρ(x) =
{
− 5C664x8 +O
(
9
)
, x→∞,
− 5x16064x8C10 +O
(
9
)
, x→ −∞,
pr(x) =
{
− x204x4 +O
(
6
)
, x→∞,
− x604x4C4 +O
(
6
)
, x→ −∞,
pθ(x) =
{
x20
4x4 +O
(
6
)
, x→∞,
x60
4x4C4 +O
(
6
)
, x→ −∞,
(5.12)
from which we can see that none of the three energy con-
ditions is satisfied at both x = −∞ and x =∞.
In addition, we also have
a(x) =

1
4
(
1 +
2x20
b2
)
+O (3) , x→∞,
x40
4C4
(
1 + 2C
4
x20b
2
)
+O (2) , x→ −∞,
b(x) '
{
2x+O () , x→∞,
− 2xC2
x20
+O () . x→ −∞, (5.13)
from which we can see that the space-time is asymptoti-
cally flat as x→ ±∞.
Similar to the last subcase, the quantum gravitational
effects are concentrated in the region near the throat, and
are rapidly vanishing as away from the throat in each side
of it for the proper choice of the free parameters, as in
the corresponding case ∆ > 0, D = 0 and x0C 6= 0.
In addition, the above analysis is valid only for x0C 6=
0. Otherwise, we have the following limiting case.
• x0 6= 0, C = 0: Then, we have
a(x) =
X2
Y 2
, b(x) = Y. (5.14)
Since a(x) 6= 0 for any given real value of x, as it can
be seen from the above expression, horizons, either WHs
or BHs, do not exist, but b(x) is still a monotonically
increasing function with b(x = −∞) = 0, as shown in
Fig. 1(c).
At the spatial infinities x → ±∞, we find that the
effective energy density ρ and pressures pr and pθ are
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given by
ρ(x) =
{
0, x→∞,
0, x→ −∞,
pr(x) =
{
− x204x4 +O
(
6
)
, x→∞,
− 16x2
x40
− 4
x20
+
x20
4x4 +O
(
6
)
, x→ −∞,
pθ(x) =
{
x20
4x4 +O
(
6
)
, x→∞,
16x2
x40
+ 4
x20
− x204x4 +O
(
6
)
, x→ −∞,
(5.15)
from which we can see that none of the three energy con-
ditions is satisfied to the leading order of (1/x) at both
x = −∞ and x =∞.
In addition, we also have
a(x) =
 14
(
1 +
2x20
b2
)
+O (3) , x→∞,
4x4
x40
+ 6x
2
x20
+ 74 +O
(
2
)
, x→ −∞,
b(x) '
{
2x+O () , x→∞,
−x202x +O
(
3
)
, x→ −∞, (5.16)
from which we can see that the space-time is asymptot-
ically flat as x→ +∞, but a spacetime curvature singu-
larity appears at x = −∞, where b(x = −∞) = 0, as it
can be seen from the above expressions.
C. D < 0
From Eq.(2.8) we find that
a(x) =
(X + |D|)XY 2
Z2
, b(x) =
Z
Y
, (5.17)
where X, Y and Z are given by Eq.(2.9). From the
above expressions, it can be shown that there are two
asymptotically flat regions, corresponding to x → ±∞,
respectively. They are still connected by a throat located
at xm given by Eq.(3.3) [cf. Fig. 1(a)]. But since a(x) 6=
0 for any given x, horizons, either WHs or BHs, do not
exist.
At the throat, the effective energy density ρ and pres-
sures pr and pθ are given by Eq.(3.30). Then, it can
be easily shown that none of the three energy conditions,
WEC, SEC and DEC, can be satisfied in the current case.
Similarly, the quantum gravitational effects are con-
centrated in the region near the throat for only when
the free parameters are properly chosen, and are rapidly
vanishing as away from the throat in each side of it.
At the spatial infinities x → ±∞, we find that the
expression of ρ, pr, pθ are still given by Eq.(3.18), from
which we can see that none of the three energy conditions
is satisfied to the leading order of (1/x).
The asymptotic expressions of a(x) and b(x) are given
by Eq.(3.19), and the total mass at x → ±∞ is still
given by Eq.(3.20), but since we now have D < 0, the
total mass becomes negative.
Similar to the last case, the above analysis holds only
for x0C 6= 0. When x0C = 0, we find that only the
possibility, x0 6= 0, C = 0, is allowed.
• x0 6= 0, C = 0: From Eq.(2.8) we find that
a(x) =
(X + |D|)X
Y 2
, b(x) = Y, (5.18)
where X, Y and Z are given by Eq.(2.9). Clearly, a(x) =
0 has no real roots, thus no horizons exist. On the other
hand, b(x) is still a monotonically increasing function
with b(x = −∞) = 0, as shown in Fig. 1(c).
At the spatial infinities x → ±∞, we find that the
effective energy density and pressures are still given by
Eq.(3.60), from which we find that none of the three en-
ergy conditions, WEC, SEC and DEC, is satisfied at the
spatial infinities. In addition, the asymptotic behaviors
of a(x) and b(x) are still given by Eq.(3.61). Therefore,
the total mass at x =∞ is still given by Eq.(3.47), which
is always negative.
However, at x = −∞ we have b(−∞) = 0, and the
physical quantities, ρ, pr and pθ, all become unbounded,
so a spacetime curvature singularity appears at x = −∞.
This completes our analysis for the solutions with
∆ < 0, and the main properties of these solutions are
summarized in Table IV.
VI. CONCLUSIONS
In this paper, we have studied in detail the main prop-
erties of spherically symmetric black/white hole solu-
tions, found recently by Bodendorfer, Mele and Mu¨nch
[47], inspired by the effective loop quantum gravity, and
paid particular attention to their local and global prop-
erties, as well as to the energy conditions of the effective
energy-momentum tensor of the spacetimes. Although
this effective energy-momentum tensor is purely due to
the quantum geometric effects, and is not related to any
real matter fields, it does provide important information
on how the spacetime singularity is avoided, and the de-
viations of the spacetimes from the classical one (the
Schwarzschild solution). In particular, spacetime singu-
larities inevitably occur in general relativity, as longer as
matter fields satisfy some energy conditions, as follows
directly from the Hawking-Penrose singularity theorems
[49]. In addition, due to the Birkhoff theorem, the space-
time is uniquely described by the Schwarzschild black
hole solution in general relativity. Therefore, the pres-
ence of this effective energy-momentum tensor also char-
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TABLE IV. The main properties of the solutions given by Eqs.(2.7)-(2.10) with ∆ < 0, for which no horizons exist in all
these solutions. Here bhH ≡ black hole horizon, whH ≡ white hole horizon, ECs ≡ energy conditions, SAF ≡ spacetime is
asymptotical flat, and SCS ≡ spacetime curvature singularity. In addition, “X” means yes, “×” means no, while “N/A” means
not applicable.
Properties ∆ < 0
D > 0 D = 0 D < 0
Cx0 6= 0 C = 0, x0 6= 0 x0C 6= 0 C = 0, x0 6= 0 Cx0 6= 0, C = 0, x0 6= 0
bhH/whH exists? × × × × × ×
Throat exists? X × X × X ×
ECs at throat Eq.(5.5) N/A × N/A × N/A
ECs at x =∞ × × × × × ×
Mass at x =∞ D D −x20 −x20 (SAF) D D
ECs at x = −∞ × × × × × ×
Mass at x = −∞ DC2
x20
SCS −C4
x20
SCS DC
2
x20
SCS
acterizes the deviations of the quantum solutions from
the classical one.
The most general metric for static spherically symmet-
ric spacetimes, without loss of the generality, can be al-
ways cast in the form,
ds2 = −a(x)dt2 + dx
2
a(x)
+ b2(x)
(
d2θ + sin2 θd2φ
)
,
subjected to the following additional gauge transforma-
tions (gauge residuals),
t = αt˜+ t0, x = ξ(x˜), (6.1)
where α and t0 are constant, and ξ(x˜) is an arbitrary
function of x˜. Therefore, in general the phase space are
four-dimensional, spanned by (a, b, pa, pb), but with one
constraint, the Hamiltonian constraint, Heff = 0. So, the
phase space is actually three-dimensional, and the tra-
jectories of the system are uniquely determined once the
three “initial” conditions are given. However, due to the
polymerization (1.9), two new parameters are introduced,
so the phase space is enlarged to five-dimensional, due
to the polymerization quantizations. Nevertheless, the
trajectories of the system are also gauge-invariant under
the transformations (6.1), which reduce the dimensions
of the phase space from five to three again. Therefore,
the phase space in the effective loop quantum gravity is
generically three-dimensional.
The above general arguments can be seen clearly from
the particular solutions considered in this paper, and the
three physically independent free parameters now can be
chosen as (C, D, x0), defined explicitly by Eq.(2.6),
D ≡ 3CD
2
√
n
, C ≡ (16C2λ21)1/6 , x0 ≡ λ2√n, (6.2)
out of the five parameters, λ1, λ2, n, C and D, intro-
duced in [47]. Thus, in comparison with the relativistic
case, the loop quantizations introduce two more free pa-
rameters, and only when they vanish, i.e., λ1 = λ2 = 0
(or C = x0 = 0), can the solutions reduce to the
Schwarzschild one with its mass MBH = D, and a space-
time curvature singularity located at the center (b = 0)
appears. If any of them vanishes, the corresponding mo-
ment conjugate, P1 or P2, can become unbounded at
some points (or in some regions) of the spacetime. As
a result, spacetime curvature singularities will appear.
From Tables II - IV it can be seen that in the current
model the condition for such singularities to appear is
indeed λ1 = 0 (or C = 0), the cases corresponding to Fig.
1(c).
The asymptotical properties of the spacetimes also de-
pend on the choices of the two parameters C and x0.
In particular, when Cx0 6= 0, we have x ∈ (−∞,∞),
and a minimal point (throat) of b(x) always exists, with
b(±∞) =∞ [cf. Fig. 1(a)]. When C 6= 0 but x0 = 0, the
range of x is restricted to x ∈ (0,∞) with b(0) =∞ and
b(∞) = ∞. In this case, a minimum of b(x) also exists
[cf. Fig. 1(b)]. When C = 0 and x0 6= 0, the range of
x is also x ∈ (−∞,∞), but now b(x) is a monotonically
increasing function of x with b(−∞) = 0 and b(∞) =∞
[cf. Fig. 1(c)].
In [47, 48, 52], the authors considered the case
∆ ≡ D2 − x20 > 0, D > 0, Cx0 6= 0, (6.3)
for which the black and white hole horizons always exist,
located at
x±H = ±
√
∆,
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respectively, as shown in Section.III.A [See also Table
II]. The corresponding spacetime has two asymptotically
flat regions x → ±∞, which are connected by a throat
located at
xm =
1
2C
(C2 − x20) ,
as can be seen from Eq.(3.3) and Fig. 1(a)]. It is re-
markable to note that in this case the surface gravity at
the black hole horizon x = x+H is always positive, while
at the white hole horizon x = x−H , it is always negative,
as the latter represents an anti-trapped surface. In the
asymptotical region x→ +∞, the ADM mass reads
MBH = D, (6.4)
while in the asymptotical region x→ −∞, it reads
MWH =
DC2
x20
, (6.5)
as given explicitly in Eq.(3.20), which are all positive,
too. All the above properties are mainly due to the fact
that the Komar energy density [50] (ρ+
∑
i pi) remains
positive over a large region of the spacetime, despite that
all the three energy conditions are violated in most part
of the spacetime, including the regions near the throat
and horizons, as well as in the two asymptotically flat
regions.
In addition, the quantum gravitational effects are
mainly concentrated in the neighborhood of the throat.
However, in the current model, such effects can be still
large at the two horizons even for solar mass black/white
hole spacetimes, depending on the choice of the free pa-
rameters. They become negligible near the black/white
hole horizons only for some particular choices of these
free parameters [cf. Eq.(3.26)].
Moreover, the ratio MBH/MWH can take in principle
any value, MBH/MWH ∈ (0,∞), as the three parameters
C, D, x0 now are all arbitrary (subjected only to the
constraint C ≥ 0 as can be seen from Eq.(6.2)) [48].
It should be also noted that the region defined by
Eq.(6.3) is quite small in the whole three-dimensional
phase space, spanned by (C, D, x0), where
D, x0 ∈ (−∞,∞), C ∈ [0,∞), (6.6)
although the cases with D = 0, or C = 0, or x0 = 0 can
be obtained only by taking certain proper limits of the
five free parameters, λ1, λ2, n, C and D, as explained
explicitly in the content.
With all the above in mind, we have explored the
whole three-dimensional phase space of the three free
parameters (C, D, x0), and found that the solutions
have very rich physics. In particular, the existence of
the black/white horizons crucially depends on the values
of ∆. When ∆ > 0, they always exist and are located at
x±H = ±
√
∆, respectively. The spacetime in the region
x−H < x < x
+
H becomes trapped. When ∆ = 0, they
also exist, but now become degenerate, x±H = 0, that is,
a(x) = 0 now has a double root, the trapped region
(a(x) < 0) disappears, and the surface gravity at the
horizon is always zero now, quite similar to the extreme
case of the charged RN solution with |e| = m. When
∆ < 0, the equation a(x) = 0 has no real roots, and, as
a result, in this case no horizons exist at all, neither a
trapped region.
Thus, depending on the choices of the three free pa-
rameters, C, D, x0, there are various cases that all have
different (local and global) properties. In Sections III - V,
we have studied the cases ∆ > 0, ∆ = 0, and ∆ < 0, sep-
arately, and in each of which all the three possible choices
of C and x0, as illustrated in Fig. 1, raise and have been
studied in detail. Their main properties are summarized
in the three tables, Tables II - IV. From these tables, the
following interested cases are worthwhile of particularly
mentioning:
• ∆ > 0, D > 0, Cx0 6= 0: As mentioned above,
in this case the solutions were first studied in
[47, 48, 52], and in the present paper we have stud-
ied them in detail, and found the remarkable fea-
tures stated above. In particular, we have shown
explicitly that the quantum geometric efforts are
mainly concentrated in the region near the throat
(transition surface). However, in the current model
such effects can be still large at the black/white
hole horizons even for solar mass black/white holes.
They become negligible only in a restricted region
of the 3D phase space, defined by Eq.(3.26).
• ∆ = 0, D > 0, Cx0 6= 0: In this case, the
black/white horizons coincide and all are located
at x±H = 0, so the surface gravity at the horizon is
zero, quite similar to the extreme case |e| = m of
the RN solution in general relativity. But, it is fun-
damentally different from the RN solution, as now
there are no spacetime curvature singularities, and
the spacetime becomes asymptotically flat in both
of the regions x→ ±∞.
In addition, all the three energy conditions are sat-
isfied at the horizon, but at the throat x = xm, they
are satisfied only when D = C, for which the throat
coincides with the horizon, i.e., xm = x
±
H = 0.
Similar to the last case (in fact, in all the cases,
including ∆ > 0 and ∆ < 0), none of the three
energy conditions is satisfied at the spatial infinities
b(±∞) = ∞, although the quantum gravitational
effects are also mainly concentrated at the throat,
as shown in Fig. 15. In this case, the black/white
hole masses are also given by Eqs.(6.4) and (6.5)
but now with |x0| = D.
• ∆ < 0, D > 0, Cx0 6= 0: In this case, the function
a(x) is always positive, and no horizons exist, al-
though a throat does exist, as shown in Fig. 1(a), at
which all the three energy conditions are satisfied,
as long as the conditions (5.5) hold. By properly
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choosing the free parameters, the quantum geomet-
ric effects can be made to be mainly concentrated
at the throat, and the spacetime is asymptotically
flat at both of the two limits, x → ±∞, with the
ADM masses, given, respectively, by Eqs.(6.4) and
(6.5), which can be all positive. However, since
no horizons exist, the spacetimes now represent
wormholes without any spacetime curvature sin-
gularities. Again, this is not in conflict to the
Hawking-Penrose singularity theorems [49], as none
of the three energy conditions holds at the asymp-
totically flat regions, x = ±∞.
The main properties of other interesting cases can be
found in Tables II - IV.
It should be noted that, although in this paper we
have studied only the solutions found recently in [47],
we expect that other quantum black hole solutions share
similar properties. In particular, due to the quantum
geometric effects, an effective energy-momentum ten-
sor inevitably appears, which generically violates the
weak/strong energy conditions at the throat, so the
spacetime is opened up by such repulsive forces. As a
result, the throat will connect two asymptotically flat
regions. For spherical spacetimes [41], such effects are
uniquely characterized by the two quantum parameters
λ1 and λ2. The classical limit is obtained by setting
λ1 = λ2 = 0. Therefore, the singularities inside the clas-
sical black holes are resolved by the “polymerization”
[40], given by Eq.(1.9), provided that
λ1λ2 6= 0. (6.7)
If any of these two parameters vanishes, a spacetime cur-
vature singularity can appear, as it is shown explicitly by
the current model.
Therefore, spherically loop quantum “black holes”
generically contains three free parameters, which
uniquely determine the location of the throat and the
two masses, measured by observers located in the two
asymptotically flat regions. Here we use “black holes”
to emphasize the fact that in such resultant spacetimes
white/black hole horizons are not necessarily always
present, and spacetimes with wormhole structures (with-
out horizons) can be equally possible in the framework
of the effective loop quantum gravity, unless the two free
parameters λ1 and λ2 are fixed by some physical consid-
erations [21, 22, 41]. It is also equally true that the two
(Komar) masses are independent and can be assigned
arbitrary values, unless additional physics is taken into
account [21, 22, 47, 48]. To understand these issues fur-
ther, one way is to consider the formation of such space-
times from gravitational collapse of realistic matter fields
[53–60].
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APPENDIX A: THE GENERAL EXPRESSIONS
OF THE ENERGY DENSITY AND PRESSURES
Inserting the solutions given by Eq.(2.8) into Eq.(2.15),
we find that
ρ(x) =
Y 3
X2Z8
[(
10Dx100 x+ 160Dx80x3 − 20x60C6 + 672Dx60x5 + 1024Dx40x7 − 260x40C6x2
+110Dx40C6x+ 512Dx20x9 − 560x20C6x4 + 440Dx20C6x3 − 320C6x6 + 352DC6x5
)
X
+DC12 +Dx120 + 50Dx100 x2 + 400Dx80x4 + 22Dx60C6 + 1120Dx60x6 − 100x60C6x
+1280Dx40x8 − 500x40C6x3 + 286Dx40C6x2 + 512Dx20x10 − 720x20C6x5 + 616Dx20C6x4
−320C6x7 + 352DC6x6
]
, (A.1)
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pr(x) = − Y
3
X2Z8
[(
2x120 + 100x
10
0 x
2 − 10Dx100 x+ 800x80x4 − 160Dx80x3 + 2240x60x6
−672Dx60x5 + 2560x40x8 − 1024Dx40x7 + 10Dx40C6x+ 1024x20x10 − 512Dx20x9
+40Dx20C6x3 + 2C12 + 32DC6x5
)
X −DC12 −Dx120 + 20x120 x+ 340x100 x3
−50Dx100 x2 + 1664x80x5 − 400Dx80x4 + 2Dx60C6 + 3392x60x7 − 1120Dx60x6
+3072x40x
9 − 1280Dx40x8 + 26Dx40C6x2 + 1024x20x11 − 512Dx20x10 + 56Dx20C6x4
+32DC6x6
]
, (A.2)
and
pθ(x) =
Y 2
2X3Z8
[(
4x140 + 244x
12
0 x
2 − 34Dx120 x+ 2480x100 x4 − 720Dx100 x3 + 9408x80x6
−4256Dx80x5 + 16384x60x8 − 10240Dx60x7 + 12Dx60C6x+ 13312x40x10 − 10752Dx40x9
+88Dx40C6x3 + 4x20C12 + 4096x20x12 − 4096Dx20x11 + 192Dx20C6x5 + 128DC6x7
+4C12x2 − 2DC12x
)
X − 3Dx140 + 44x140 x+ 924x120 x3 − 194Dx120 x2 + 5808x100 x5
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